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Qryhpehu 533:
Devwudfw
Lq wklv sdshu/ zh dqdo|vh wkh htxloleulxp ri d vhtxhqwldo jdph0wkhruhwlfdo prgho ri
oree|lqj/ gxh wr Jurvhforvh dqg Vq|ghu +4<<9,/ ghvfulelqj d ohjlvodwxuh wkdw yrwh ryhu
wzr dowhuqdwlyhv/ zkhuh wzr rssrvlqj oreelhv/ oree| 3 dqg oree| 4/ frpshwh e| elgglqj
iru ohjlvodwruv* yrwhv1 Lq wklv prgho/ wkh oree|lvw prylqj uvw vxhuv iurp d vhfrqg
pryhu dgydqwdjh dqg zloo pdnh rhuv wr ohjlvodwruv rqo| li wkh| ghwhu dq| fuhgleoh
frxqwhu0uhdfwlrq iurp klv rssrqhqw/ l1h1 li kh dqwlflsdwhv wr zlq wkh edwwoh1 Rxu pdlq
irfxv lv rq wkh fdofxodwlrq ri wkh vpdoohvw exgjhw wkdw kh qhhgv wr zlq wkh jdph dqg
rq wkh glvwulexwlrq ri wklv exgjhw dfurvv wkh ohjlvodwruv1 Zh vwxg| wkh lpsdfw ri wkh
nh| sdudphwhuv ri wkh jdph rq wkhvh wzr yduldeohv dqg vkrz wkh frqqhfwlrq ri wklv
sureohp zlwk wkh frpelqdwrulfv ri vhwv dqg qrwlrqv iurp frrshudwlyh jdph wkhru|1
  Zh zrxog olnh wr wkdqn Urq Kro}pdq dqg vhplqdu dxglhqfhv lq Ohxyhq dqg Wrxorxvh1 Zh zrxog
dovr olnh wr wkdqn wkh sduwlflsdqwv wr wkh Ur|do Hfrqrplf Vrflhw| Frqihuhqfh lq Zduzlfn/ zkhuh wklv sd0
shu kdv ehhq suhvhqwhg/ dv zhoo dv wkh dvvrfldwh hglwru dqg wkh wzr dqrq|prxv uhihuhhv iru wkhlu fulwl0
flvpv2frpphqwv2vxjjhvwlrqv1 Wklv sdshu lv d frpsohwho| uhylvhg yhuvlrq ri d sduw ri d orqjhu zrunlqj sdshu




Lq wklv sdshu/ zh frqvlghu d wkhruhwlfdo prgho ri oree|lqj ghvfulelqj d ohjlvodwxuh  wkdw
yrwh ryhu wzr dowhuqdwlyhv  / dqg wzr rssrvlqj oreelhv/ oree| 3 dqg oree| 4/ frpshwh e|
elgglqj iru ohjlvodwruv* yrwhv  1 Zh h{dplqh krz wkh yrwlqj rxwfrph dqg wkh eulehv rhuhg
wr wkh ohjlvodwruv ghshqgv rq wkh oreelhv*v zloolqjqhvv wr sd|/ ohjlvodwruv*v suhihuhqfhv dqg
wkh ghflvlrq pdnlqj surfhvv zlwklq wkh ohjlvodwxuh1
Wkhuh duh pdq| glhuhqw zd|v wr prgho wkh oree|lqj surfhvv1 Lq wklv sdshu/ zh dgrsw
wkh vhtxhqwldo prgho slrqhhuhg e| Jurvhforvh dqg Vq|ghu +4<<9, dqg iroorzhg xs e| Edqnv
+5333, dqg Glhuphlhu dqg P|huvrq +4<<<,1 Lq wkhlu prgho/ wkh frpshwlwlrq ehwzhhq wkh wzr
oreelhv lv ghvfulehg e| d wdujhwhg rhuv jdph zkhuh hdfk oree| jhwv wr pryh rqo| rqfh/ dqg
lq vhtxhqfh1 Iru prvw ri wkh sdshu/ oree| 4 lv sur0uhirup dqg pryhv uvw zkloh oree| 3 lv
sur0vwdwxv txr dqg pryhv vhfrqg1 Yrwhv duh dvvxphg wr eh revhuydeoh1 D vwudwhj| iru hdfk
oree| lv d suroh ri rhuv zkhuh wkh rhu pdgh wr hdfk ohjlvodwru lv dvvxphg wr eh edvhg rq
klv2khu yrwh dqg wr eh krqruhg luuhvshfwlyh wr wkh yrwlqj rxwfrph1 Wkh qhw sd|r ri d oree|
lv lwv jurvv zloolqjqhvv wr sd| ohvv wkh wrwdo dprxqw ri sd|phqwv pdgh wr wkh ohjlvodwruv zkr
xowlpdwho| yrwh iru wkh srolf| dgyrfdwhg e| wklv oree|1 Wkh ohjlvodwruv duh dvvxphg wr fduh
derxw krz wkh| fdvw wkhlu yrwh +lqghshqghqw ri wkh lqfrph, dqg prqhwdu| rhuv1 Wkhuhiruh/
yrwhuv gr qrw wuxo| dfw vwudwhjlfdoo| dv wkhlu yrwlqj ehkdylru lv vlpso| d ehvw uhvsrqvh wr wkh
sdlu ri rhuv pdgh e| wkh oreelhv dqg lv lqghshqghqw ri wkh ghflvlrqv ri rwkhu ohjlvodwruv1
Zh irfxv rq wkh frpsohwh0lqirupdwlrq hqylurqphqw zkhuh wkh oreelhv*v dqg wkh ohjlvodwruv*
suhihuhqfhv duh nqrzq wr wkh oreelhv zkhq wkh| elg1 Zh fkdudfwhul}h wkh pdlq ihdwxuhv ri
wkh vxejdph shuihfw htxloleulxp ri wklv jdph dv d ixqfwlrq ri wkh iroorzlqj nh| sdudphwhuv
ri wkh hqylurqphqw1 Wkh pd{lpdo zloolqjqhvv wr sd| ri hdfk oree| iru zlqqlqj  +l1h1 wr kdyh wkhlu idyrulwh
srolf| vhohfwhg,1 Wkhvh wzr qxpehuv uhsuhvhqw wkh hfrqrplf vwdnhv xqghu glvsxwh dqg ghwhu0
 Zh ghsduw iurp yroxplqrxv olwhudwxuh edvhg rq wkh frpprq djhqf| vhwwlqj lq dedqgrqlqj wkh dvvxpswlrq
wkdw srolflhv duh vhw e| d vlqjoh lqglylgxdo ru e| d frkhvlyh/ zhoo0glvflsolqhg srolwlfdo sduw|1 Lq uhdolw|/ prvw
srolf| ghflvlrqv/ duh pdgh qrw e| rqh shuvrq exw e| d jurxs ri hohfwhg uhsuhvhqwdwlyhv dfwlqj dv d ohjlvodwlyh
erg|1 Hyhq zkhq wkh ohjlvodwxuh lv frqwuroohg e| d vlqjoh sduw| +dv lw lv qhfhvvdulo| wkh fdvh lq d wzr0sduw|
v|vwhp li wkh ohjlvodwxuh frqvlvwv ri d xqltxh fkdpehu,/ wkh ghohjdwlrq phpehuv gr qrw dozd|v iroorz wkh
lqvwuxfwlrqv ri wkhlu sduw| ohdghuv1 Khuhdiwhu/ zh zloo riwhq uhihu wr wkh wzr dowhuqdwlyhv dv ehlqj wkh vwdwxv txr +dowhuqdwlyh 3, yhuvxv wkh
fkdqjh ru uhirup +dowhuqdwlyh 4,1 Zkloh vlpsolvwlf/ pdq| srolf| lvvxhv w wkdw irupxodwlrq olnh iru lqvwdqfh =
wr udwli| ru qrw d iuhh0wudgh djuhhphqw/ wr iruelg ru qrw d iuhh pdunhw iru jxqv/ wr doorz ru qrw deruwlrq1	 E| ohjlvodwruv zh phdq khuh doo lqglylgxdov zkr kdyh d frqvwlwxwlrqdo uroh lq wkh surfhvv ri sdvvlqj
ohjlvodwlrq1 Wklv pd| lqfoxgh lqglylgxdov iurp zkdw lv xvxdoo| uhihuuhg wr dv ehlqj wkh h{hfxwlyh eudqfk olnh
iru lqvwdqfh wkh suhvlghqw ru wkh ylfh0suhvlghqw1
 Ru/ xqghu dq dowhuqdwlyh lqwhusuhwdwlrq/ wkhlu uhvshfwlyh exgjhwv1
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plqh wkh lqwhqvlw| dqg dv|pphwu| ri wkh frpshwlwlrq1 Wkh yrwlqj uxoh ghvfulelqj wkh ohjlvodwlyh surfhvv1 Wkh khwhurjhqhlw| dfurvv ohjlvodwru*v suhihuhqfhv1
Wkh elqdu| vhwwlqj frqvlghuhg lq wklv sdshu lv wkh vlpsohvw vhwwlqj zkhuh zh fdq wdfnoh wkh
mrlqw lq xhqfh ri wkhvh wkuhh lqsxwv rq wkh qdo rxwsxwv1 Wkh uvw lwhp frqvlvwv ri d vlqjoh
qxpehu shu oree|= krz pxfk prqh| wklv oree| lv zloolqj +deoh, wr lqyhvw lq wklv frpshwlwlrq1
Wkh vhfrqg lwhp lv dovr yhu| vlpsoh1 Lq wklv vlpsolvwlf lqvwlwxwlrqdo vhwwlqj/ zlwk qr urrp
iru djhqgd vhwwlqj ru rwkhu vrsklvwlfdwhg ohjlvodwlyh dfwlrq zklfk zrxog dulvh lq wkh fdvh ri
odujh pxowlsolflw| ri lvvxhv  / zh rqo| qhhg wr nqrz zkdw duh wkh zlqqlqj frdolwlrqv l1h1 wkh
frdolwlrqv ri ohjlvodwruv lq srvlwlrq wr lpsrvh wkh uhirup li wkh frdolwlrq xqdqlprxvo| vxssruwv
wklv fkrlfh1 Ghvslwh lwv dssduhqw vlpsolflw|/ wklv frpelqdwruldo remhfw lv h{wuhpho| ulfk wr
dffrpprgdwh d zlgh glyhuvlw| ri ohjlvodwxuhv1 Edqnv dqg Jurvhforvh dqg Vq|ghu irfxv rq wkh
vwdqgdug pdmrulw| jdph zkloh Glhuphlhu dqg P|huvrq frqvlghu wkh jhqhudo fdvh dv zh gr1
Wkh wklug lwhp ghvfulehv wkh glhuhqfhv ehwzhhq wkh ohjlvodwruv rwkhuv wkdq wkrvh douhdg|
dwwdfkhg wr wkh suhfhglqj lwhp li wkhvh ohjlvodwruv duh qrw htxdoo| srzhuixo ru lq xhqw lq
wkh yrwlqj surfhvv1 Wklv %vhfrqg% khwhurjhqhlw| glphqvlrq uhihuv wr wkh glhuhqfhv ehwzhhq
wkhlu lqwulqvlf suhihuhqfhv iru wkh uhirup yhuvxv wkh vwdwxv txr1 Wklv glhuhqfh phdvxuhg
lq prqhwdu| xqlwv fdq eh odujh ru vpdoo dqg qhjdwlyh ru srvlwlyh1 Glhuphlhu dqg P|huvrq
glvuhjdug wklv glphqvlrq e| dvvxplqj wkdw ohjlvodwruv duh lqglhuhqw ehwzhhq wkh wzr srolflhv
zkloh Edqnv dqg Jurvhforvh dqg Vq|ghu frqvlghu wkh jhqhudo vlwxdwlrq exw ghulyh wkhlu uhvxowv
xqghu vrph vshflf dvvxpswlrqv1 Zh dvvxph wkdw ohjlvodwruv suhihu xqdqlprxvo| wkh uhirup
wr wkh vwdwxv txr exw glhu zlwk uhvshfw wr wkh lqwhqvlw| ri wkhlu suhihuhqfh1
Wkh uvw frqwulexwlrq frqvlvwv lq lghqwli|lqj wkh frqglwlrqv xqghu zklfk wkh oree| prylqj
uvw zloo pdnh srvlwlyh rhuv wr vrph ohjlvodwru 1 Lq wklv vhtxhqwldo jdph/ wkh oree| prylqj
odvw kdv dq dgydqwdjh dv lw fdq uhdfw rswlpdoo| wr wkh rhuv ri lwv rssrqhqw zlwkrxw dq|
ixuwkhu srvvlelolw| ru uhdfwlrq1 Li wkh dv|pphwu| lv wrr zhdn / oree| 4 zloo dedqgrq wkh
survshfw ri lq xhqflqj wkh ohjlvodwxuh dv lw zloo eh udwlrqdoo| dqwlflsdwlqj lwv ghihdw> lq idfw/
lw zloo pdnh rhuv rqo| li lw dqwlflsdwhv wr zlq iru vxuh1 Li lw grhv qrw pdnh dq| rhu/ lw lv
hqrxjk iru oree| 3 wr frpshqvdwh d plqlpdo zlqqlqj frdolwlrq ri ohjlvodwruv iru wkhlu lqwulqvlf
suhihuhqfhv wrzdugv uhirup1 Oree| 4 zloo sduwlflsdwh li lwv zloolqjqhvv wr sd| ru exgjhw lv
odujhu wkdq wkh zloolqjqhvv wr sd| ru exgjhw ri oree| 31 Wklv plqlpdo dprxqw ri dv|pphwu|/
wkdw zh fdoo wkh ylfwru| wkuhvkrog/ ghqhv e| krz pxfk wkh vwdnh ri oree| 4 pxvw ryhuzhljkw
 Pdq| irupdo prghov ri wkh ohjlvodwlyh surfhvv kdyh ehhq ghyhorshg e| vrfldo vflhqwlvwv wr ghdo zlwk pruh
frpsolfdwhg fkrlfh hqylurqphqwv1 Zh uhihu wkh uhdghu wr Jurvvpdq dqg Khospdq +5334, iru oree|lqj prghov
zlwk pruh wkdq wzr dowhuqdwlyhv1
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wkh vwdnh ri oree| 3 wr pdnh vxuh wkdw oree| 4 zlqv wkh jdph1 Rxu uvw uhvxow vwdwhv wkdw wkh
fdofxodwlrq ri wkh ylfwru| wkuhvkrog dprxqwv wr fdofxodwh wkh vxsuhpxp ri d olqhdu irup ryhu
d frqyh{ sro|wrsh zklfk lv forvho| uhodwhg wr wkh sro|wrsh ri edodqfhg idplolhv ri frdolwlrqv
lqwurgxfhg lq frrshudwlyh jdph wkhru| wr vwxg| wkh fruh dqg rwkhu vroxwlrqv1 Wkh sudfwlfdo
ydoxh ri wklv uhvxow uholhv rq wkh idfw wkdw zh fdq wdnh dgydqwdjh ri wkh yroxplqrxv dprxqw
ri zrun zklfk kdv ehhq grqh rq wkh ghvfulswlrq ri edodqfhg froohfwlrqv1 Zkhq khwhurjhqhlw|
dfurvv ohjlvodwruv* suhihuhqfhv lv ljqruhg/ wkh ylfwru| wkuhvkrog rqo| ghshqgv xsrq wkh vlpsoh
jdph ghvfulelqj wkh uxohv ri wkh ohjlvodwxuh1 Lw fruuhvsrqgv wr zkdw kdv ehhq fdoohg e|
Glhuphlhu dqg P|huvrq/ wkh kxugoh idfwru ri wkh ohjlvodwxuh1 Txlwh vxusulvlqjo|/ wklv vlqjoh
sdudphwhu dfwv d vxppdu| vwdwlvwlf dv orqj dv zh zdqw wr suhglfw wkh plqlpdo exgjhw wkdw
oree| 4 qhhgv wr lqyhvw wr zlq wkh jdph1
Rxu vhfrqg frqwulexwlrq frqvlvwv lq frqqhfwlqj wkh sureohp ri wkh frpsxwdwlrq ri wkh
kxugoh idfwru wr wkh fryhulqj sureohp/ zklfk lv rqh ri wkh prvw idprxv/ exw dovr gl!fxow/
sureohp lq wkh frpelqdwrulfv ri vhwv ru k|shujudskv1 Zh surylgh d vkruw ryhuylhz ri wkh
vwdwh ri wkh duw ri wklv olwhudwxuh/ vkrz wkh frqqhfwlrq zlwk dqrwkhu idprxv sdudphwhu ri d
vlpsoh jdph/ dqg looxvwudwh wkurxjk d ydulhw| ri vlpsoh jdphv/ krz wkh kxugoh idfwru orrnv
olnh1 Rqfh djdlq/ rqfh lw lv qrwhg wkdw wkh kxugoh idfwru lv wkh iudfwlrqdo fryhulqj qxpehu
ri d vshflf k|shujudsk/ zh fdq wdnh dgydqwdjh ri wkh hqruprxv erg| ri nqrzohgjh lq wkdw
duhd ri frpelqdwrulfv1
Wkh wklug frqwulexwlrq frqvlvwv lq vkrzlqj wkdw wkh kxugoh idfwru fdq dowhuqdwlyho| eh
fdofxodwhg/ vxusulvlqjo|/ dv wkh pd{lpxp ri vshflf fulwhuld ri htxlw| ryhu wkh vhw ri lpsx0
wdwlrqv ri d frrshudwlyh jdph zlwk wudqvihudeoh xwlolw| dwwdfkhg wr wkh vlpsoh jdph ri wkh
ohjlvodwxuh1 Wkh vshflf htxlw| fulwhulrq lv wkh plqlpxp ryhu doo frdolwlrqv ri zkdw wkh php0
ehuv ri wkh frdolwlrqv jhw lq wkh lpsxwdwlrq dqg zkdw wkh| frxog jhw rq wkhlu rzq/ l1h1 wkh
uvw frpsrqhqw lq wkh oh{lfrjudsklf rughu vxssruwlqj wkh qxfohroxv1 Zh xvh wkdw uhvxow wr
vkrz krz wr fdofxodwh wkh kxugoh idfwru iru wkh lpsruwdqw fodvv ri zhljkwhg pdmrulw| jdphv1
Zkloh wkhuh lv d olqn ehwzhhq wkh zhljkwv ri wkh ohjlvodwruv dqg wkh kxugoh idfwru zkhq wkh
jdph lv krprjhqhrxv/ zh vkrz wkdw wkh uhodwlrq lv pruh lqwulfdwh lq wkh jhqhudo fdvh1
Wkh frqqhfwlrq zlwk wkh wkhru| ri frrshudwlyh jdphv wxuqv wr eh hyhq pruh vxusulvlqj dv
lw doorzv wr surylgh d frpsohwh fkdudfwhul}dwlrq ri wkh vhfrqg glphqvlrq ri wkh rswlpdo rhu
vwudwhj| ri oree| 41 Iurp zkdw suhfhghv/ zh nqrz wkdw wkh vl}h ri wkh oree|lqj exgjhw lv wkh
kxugoh idfwru wlphv wkh zloolqjqhvv wr sd| +ru exgjhw, ri oree| 31 Lw uhpdlqv wr xqghuvwdqg
krz wklv exgjhw lv jrlqj wr eh doorfdwhg dfurvv wkh ohjlvodwruv1 Wklv lv ri frxuvh dq lpsruwdqw
txhvwlrq dv zh zrxog olnh wr xqghuvwdqg zkdw duh wkh fkdudfwhulvwlfv ri d ohjlvodwru zklfk
ghwhuplqh wkh zloolqjqhvv ri oree| 4 wr ex| lwv vxssruw dqg wkh dprxqw wkdw kh zloo uhfhlyh
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iru wkh vhoolqj klv yrwh 1 Dv douhdg| glvfxvvhg/ ohjlvodwruv glhu dorqj wzr olqhv= wkhlu lqwhqvlw|
ri wkhlu suhihuhqfh iru oree| 4 dqg wkhlu srvlwlrq2srzhu lq wkh ohjlvodwxuh1 Olnho| wkh sulfh
ri wkh yrwh ri d ohjlvodwru zloo eh d ixqfwlrq ri erwk sdudphwhuv1 Zh vkrz wkdw wkh vhw ri
htxloleulxp rhuv lv wkh ohdvw fruh ri wkh frrshudwlyh jdph xvhg wr fdofxodwh wkh kxugoh idfwru1
Lw pd| frqwdlq pxowlsoh vroxwlrqv exw wkh qxfohroxv  lv dozd|v rqh ri wkhp1 Zh looxvwudwh
wkh fdofxodwlrq ri wkhvh sulfhv lq wkh fdvh ri vrph lpsruwdqw uhdo zruog vlpsoh jdphv dqg
zh uhylvlw wkh prgho sursrvhg e| Glhuphlhu dqg P|huvrq ri wkh rswlpdo ghwhuplqdwlrq
ri wkh kxugoh idfwru ri d ohjlvodwlyh fkdpehu jlyhq wkh rwkhu frpsrqhqwv ri wkh ohjlvodwlyh
hqylurqphqw1 Rqh lpsruwdqw frqfoxvlrq lv wkdw wkhvh sulfhv kdyh olwwoh wr gr zlwk wkh srzhu
ri d ohjlvodwru dv fdofxodwhg wkurxjk hlwkhu wkh Edq}kdi*v lqgh{ +Edq}kdi +4<95,/ +4<9;,, ru
wkh Vkdsoh|0Vkxeln*v lqgh{ +Vkdsoh| dqg Vkxeln +4<87,,1 Wklv vxjjhvwv wkdw wkh d{lrpdwlf
wkhru| ri srzhu phdvxuhphqw pd| qrw eh ixoo| uhohydqw wr suhglfw wkh sd|rv ri wkh sod|huv
lq d jdph olnh wklv rqh  1
Wkh sdshu frqwdlqv wzr pruh frqwulexwlrqv1 Vrph ohjlvodwruv zloo qrw uhfhlyh dq| rhu
iurp oree| 41 Zh pd| zrqghu zkdw zloo eh wkh lghqwlw| dqg wkh qxpehu ri ohjlvodwruv zkr
zloo uhfhlyh d srvlwlyh rhu1 Lw lv gl!fxow wr dqvzhu wklv txhvwlrq zlwkrxw ehlqj vshflf rq
hlwkhu wkh suhihuhqfhv ri wkh ohjlvodwruv ru wkh vlpsoh jdph1 Zh surylgh d fkdudfwhul}dwlrq
ri wklv vhw lq wkh fdvh zkhuh wkh vlpsoh jdph lv wkh vwdqgdug pdmrulw| jdph l1h1 zh ghvfuleh
wkh frqglwlrqv xqghu zklfk oree| 4 zloo wdujhw d plqrulw|/ d plqlpdo zlqqlqj frdolwlrq ru
d vxshupdmrulw| dqg zkhwkhu lw zloo euleh lq sulrulw| wkrvh zkr duh wkh pruh ru wkh ohvv
uhoxfwdqw wr vxssruw wkh uhirup 1 Wkh odvw frqwulexwlrq dlpv wr vkrz wkdw wkh uhvxowv ri wklv
sdshu duh suhvhuyhg/ xs wr vrph voljkw prglfdwlrqv/ zkhq zh dvvxph wkdw ohjlvodwruv sd|
dwwhqwlrq wr wkh rxwfrph udwkhu wkdq wr wkhlu lqglylgxdo yrwh1
Uhodwhg Olwhudwxuh
Wkh olwhudwxuh rq oree|lqj lv yhu| glvshuvhg dqg yroxplqrxv  1 Wkh forvhvw sdshuv wr rxuv
duh Edqnv +5333,/ Ghnho/ Mdfnvrq dqg Zrolqvn| +5339d/e,/ Glhuphlhu dqg P|huvrq +4<<<,/
Jurvhforvh dqg Vq|ghu +4<<9,/ \rxqj +4<:; d/ e/ f, dqg Vkxeln dqg \rxqj +4<:;g,1 Olnh
xv/ wkh| doo frqvlghu wkh elqdu| vhwwlqj dqg dvvxph wkdw ohjlvodwruv fduh derxw wkhlu yrwh dqg
prqh| udwkhu wkdq wkh rxwfrph1 Dv douhdg| phqwlrqhg/ wkh wzr0urxqg vhtxhqwldo yrwh ex|lqj
prgho wkdw zh frqvlghu lv iurp wkh ixqgdphqwdo frqwulexwlrq ri Jurvhforvh dqg Vq|ghu1
 Dqrwkhu dsshdudqfh ri wkh qxfohroxv lq d qrq frrshudwlyh vhwwlqj lv Prqwhur +5339, lq d edujdlqlqj
iudphzrun d od Edurq0Ihuhmrkq1 Wklv hfkrhv Vq|ghu/ Wlqj dqg Dqvrodehkhuh +5338,1 Vkrxog wkh oree| vhhn wr vrolgli| vxssruw dprqj wkrvh ohjlvodwruv zkr zrxog eh lqfolqhg wr vxssruw lwv
srvlwlrqv dq|zd|/ ru vkrxog lw vhhn wr zlq ryhu wkrvh zkr pljkw rwkhuzlvh eh krvwloh wr lwv ylhzvB Zh uhihu wkh uhdghu wr Jurvvpdq dqg Khospdq +5334, iru d ghvfulswlrq ri wkh vwdwh ri wkh duw1
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Edqnv dv zhoo dv Glhuphlhu dqg P|huvrq dovr frqvlghu wklv jdph1 Wkhlu vshflf dvvxpswlrqv
dqg irfxv duh krzhyhu txlwh glhuhqw iurp rxuv1 Edqnv dqg Jurvhforvh dqg Vq|ghu duh
sulpdulo| lqwhuhvwhg lq lghqwli|lqj wkh qxpehu dqg wkh lghqwlw| ri wkh ohjlvodwruv zkr zloo
uhfhlyh dq rhu lq wkh fdvh ri wkh vlpsoh pdmrulw| jdph1 E| frqvlghulqj wklv lpsruwdqw
exw vshflf v|pphwulf jdph/ wkh| holplqdwh wkh srvvlelolw| ri hydoxdwlqj wkh lpsdfw ri wkh
ohjlvodwlyh srzhu rq wkh rxwfrph1 Krzhyhu/ wkh| frqvlghu pruh jhqhudo surohv ri ohjlvodwruv*v
suhihuhqfhv= lqvwhdg ri rxu xqdqlplw| dvvxpswlrq lq idyru ri d uhirup/ Edqnv dvvxphv wkdw
d pdmrulw| ri ohjlvodwruv kdv dq lqwulqvlf suhihuhqfh iru wkh vwdwxv txr1 Wklv lpsolhv wkdw
oree| 4 qhhgv wr euleh dw ohdvw d pdmrulw| wr zlq> Edqnv surylghv frqglwlrqv rq wkh suroh
xqghu zklfk wklv pdmrulw| zloo eh plqlpdo ru pd{lpdo exw grhv qrw ghwhuplqh wkh rswlpdo
vl}h lq wkh jhqhudo fdvh1 Glhuphlhu dqg P|huvrq dvvxph lqvwhdg wkdw ohjlvodwruv gr qrw kdyh
dq| lqwulqvlf suhihuhqfh exw frqvlghu dq duelwudu| vlpsoh jdph1 Wkhlu pdlq irfxv lv rq wkh
dufklwhfwxuh ri pxowlfdphudo ohjlvodwxuhv dqg rq wkh rswlpdo ehkdylru ri hdfk fkdpehu xqghu
wkh suhvxpswlrq wkdw lw fdq vhohfw lwv rzq kxugoh idfwru wr pd{lpl}h wkh djjuhjdwh rhu
pdgh wr lwv phpehuv1 Rxu sdshu lv yhu| pxfk uhodwhg wr wkh frqwulexwlrqv ri \rxqj zkr
kdv dqdo|}hg d vlplodu jdph dqg ghulyhg lqghshqghqwo| sursrvlwlrq 71 Kh vkrxog uhfhlyh
fuhglw iru ehlqj wkh uvw rqh wr srlqw rxw wkh uhohydqfh ri wkh ohdvw fruh dqg wkh qxfohroxv wr
suhglfw vrph glphqvlrqv ri wkh htxloleulxp vwudwhjlhv ri wkh oree|lvwv  1
Ghnho/ Mdfnvrq dqg Zrolqvn| h{dplqh dq rshq0hqghg vhtxhqwldo jdph zkhuh oreelhv
dowhuqdwh lq lqfuhdvlqj wkhlu rhuv wr ohjlvodwruv1 E| doorzlqj oreelhv wr nhhs uhvsrqglqj wr
hdfk rwkhu zlwk frxqwhu0rhuv/ wkhlu jdph holplqdwhv wkh dv|pphwu| dqg wkh uhvxowlqj vhfrqg
pryhu dgydqwdjh ri wkh Jurvhforvh dqg Vq|ghu *v jdph1 Vhyhudo vhwwlqjv duh frqvlghuhg
ghshqglqj xsrq wkh w|sh ri rhuv wkdw oreelhv fdq pdnh wr ohjlvodwruv + Xs0iurqw sd|phqwv
yhuvxv surplvhv frqwlqjhqw xsrq wkh yrwlqj rxwfrph, dqg xsrq wkh uroh sod|hg e| exgjhw
frqvwudlqwv  1 Wkh glhuhqfh lq wkh exgjhwv ri wkh oreelhv sod|v d fulwlfdo uroh lq ghwhuplqlqj
zklfk oree| lv vxffhvvixo zkhq oreelhv duh exgjhw frqvwudlqhg/ dqg wkh glhuhqfh lq wkhlu
zloolqjqhvv wr sd| sod|v dq lpsruwdqw uroh zkhq wkh| duh qrw exgjhw frqvwudlqhg1 Zkhq
oreelhv duh exgjhw frqvwudlqhg/ wkhlu pdlq uhvxow vwdwhv wkdw wkh zlqqlqj oree| lv wkh rqh
 Zkloh zh zhuh zrunlqj rq wklv surmhfw/ Urq Kro}pdq srlqwhg rxw wr xv wkh uhohydqfh ri wkh qrwlrq ri
ohdvw fruh iru rxu sureohp1 Diwhu frpsohwlqj rxu sdshu/ zh kdyh glvfryhuhg/ zkloh uhdglqj Prqwhur +5339,/
wkdw \rxqj +4<:;d/e, glg uhdfk wkh vdph frqfoxvlrq d orqj djr1 Lq idfw/ kh zurwh irxu uhpdundeoh sdshuv rq
wklv wrslf frqwdlqlqj pdq| pruh uhvxowv dqg lqvljkwv1 Lq +4<:;f,/ kh suhvhqwv d prgho ri oree|lqj zlwkrxw
rssrvlwlrq zkhuh wkh ohjlvodwruv kdyh wkh ohdghuvkls +wkh| %srvw% wkh sulfh wr zklfk wkh| duh zloolqj wr vhoo
wkhlu yrwh dqg/ wkhq/ wkh oree| vhohfw frdolwlrq,1 \rxqj dqg Vkxeln +4<:;, ghyhorsv dqrwkhu yhuvlrq ri wkh
frpshwlwlyh prgho/ wkdw wkh| fdoo wkh vhvvlrq oree|lqj jdph/ zkhuh wkh qxfohroxv lv wkh htxloleulxp1 Wkhvh frqvlghudwlrqv zklfk duh luuhohydqw lq wkh fdvh ri rxu wzr0urxqg vhtxhqwldo jdph duh lpsruwdqw lq
wkhlu jdph1
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zkrvh exgjhw soxv kdoi ri wkh vxp ri wkh ydoxh wkdw hdfk ohjlvodwru dwwdfkhv wr yrwlqj lq
idyru ri wklv oree| h{fhhgv wkh fruuhvsrqglqj pdjqlwxgh fdofxodwhg iru wkh rwkhu oree|1 Lq
frqwudvw/ zkhq oreelhv duh qrw exgjhw frqvwudlqhg/ zkdw pdwwhu duh wkh oreelhv*v ydoxdwlrqv
dqg wkh lqwhqvlw| ri suhihuhqfhv ri d sduwlfxodu %qhdu0phgldq% jurxs ri ohjlvodwruv1 Wkh oree|
zlwk d0sulrul plqrulw| vxssruw zlqv zkhq lwv ydoxdwlrq h{fhhgv wkh rwkhu oree|*v ydoxdwlrq e|
pruh wkdq d pdjqlwxgh wkdw ghshqgv rq wkh suhihuhqfhv ri wkdw qhdu0phgldq jurxs1 Zlwk rxu
whuplqrorj|/ zh fdq vd| wkdw wkhlu pdlq uhvxowv duh prwlydwhg e| wkh ghulydwlrq ri wkh ylfwru|
wkuhvkrog+v,1 Rqfh wkh ydoxh ri wkhvh wkuhvkrog+v, duh nqrzq/ wkh lghqwlw| ri wkh zlqqhu dv
zhoo dv wkh oree|lqj h{shqglwxuhv dqg wkh lghqwlw| ri eulehg ohjlvodwruv iroorz1 Qrwh krzhyhu
wkdw wkh| olplw wkhlu dqdo|vlv wr wkh vlpsoh pdmrulw| jdph dqg duh qrw lq srvlwlrq wr hydoxdwh
wkh lqwulqvlf uroh ri wkh vlpsoh jdph dqg wkh ohjlvodwlyh srzhu ri ohjlvodwruv1
Qrwh qdoo| wkdw wkh yhuvlrq ri rxu jdph zkhuh wkh wzr oreelhv pdnh wkhlu rhuv vlpxo0
wdqhrxvo| lqvwhdg ri vhtxhqwldoo| kdv wkh ihdwxuhv ri d Frorqho Eorwwr jdph1 Wkhvh jdphv
duh qrwrulrxvo| gl!fxow wr vroyh dqg yhu| olwwoh lv nqrzq lq wkh fdvh ri dv|pphwulf sod|huv1
5 Wkh Prgho dqg wkh Jdph
Lq wklv vhfwlrq/ zh ghvfuleh irupdoo| wkh pdlq lqjuhglhqwv ri wkh sureohp dv zhoo dv wkh
oree|lqj jdph zklfk frqvwlwxwh rxu prgho ri yrwh0ex|lqj e| oree|lvwv1
Wkh h{whuqdo irufhv wkdw vhhn wr lq xhqfh wkh ohjlvodwxuh duh uhsuhvhqwhg e| wzr sod|huv/
zkrp zh fdoo oree| 3 dqg oree| 41 Oree| 4 zdqwv wkh ohjlvodwxuh wr sdvv d eloo +fkdqjh/
sursrvdo/ uhirup, wkdw zrxog fkdqjh vrph duhd ri odz1 Oree| 3 lv rssrvhg wr wklv eloo
dqg zdqwv wr pdlqwdlq wkh vwdwxv txr1 Oree| 3 lv zloolqj wr vshqg xs wr Z  grooduv wr
suhyhqw sdvvdjh ri wkh eloo zkloh oree| 4 lv zloolqj wr sd| xs wr Z  grooduv wr sdvv wkh eloo1
Vrphwlphv/ zh uhihu wr wkhvh wzr srolflhv lq frpshwlwlrq dv ehlqj srolflhv 3 dqg 41 Zh dvvxph
wkdw {Z  Z   Z  A f1 Zkloh wklv dvvxpswlrq pd| uhfhlyh glhuhqw lqwhusuhwdwlrqv   /
zh zloo dvvxph khuh wkdw wkh wzr oreelhv uhsuhvhqw idlwkixoo| wkh wzr rssrvlwh vlghv ri wkh
vrflhw| rq wklv elqdu| vrfldo djhqgd dqg wkhuhiruh wkdw srolf| 4 lv wkh vrfldoo| h!flhqw srolf|1
Zh frxog frqvlghu wkdw wkh wzr oreelhv uhsuhvhqw pruh sulydwh ru orfdo lqwhuhvwv dqg wkdw
Z  dqg Z  ljqruh wkh lpsolfdwlrqv ri wkhvh srolflhv rq wkh uhvw ri wkh vrflhw|= lq wkdw fdvh
wkh uhihuhqfh wr vrfldo rswlpdolw| vkrxog eh dedqgrqhg1 Ilqdoo|/ zh frxog frqvlghu lqvwhdg
wkh exgjhwv E  dqg E  ri wkh wzr oreelhv/ dqg dvvxph wkdw wkh| duh exgjhw frqvwudlqhg l1h1
 Dv h{sodlqhg irufhixoo| lq Ghnho/ Mdfnvrq dqg Zrolqvn| +5339,/ lq jhqhudo/ wkh htxloleulxp suhglfwlrqv
zloo eh vhqvlwlyh wr wkh w|sh ri rhuv wkdw fdq eh pdgh e| wkh oreelhv dqg zkhwkhu wkh| duh exgjhw frqvwudlqhg
ru qrw1 Dv h{sodlqhg odwhu/ wkhvh frqvlghudwlrqv duh qrw uhohydqw lq wkh fdvh ri rxu oree|lqj jdph1
:
wkdw E   Z  dqg E   Z  1 Xqghu wkdw lqwhusuhwdwlrq/ wkh udwlr  "! vkrxog eh uhsodfhg e|
wkh udwlr #$#%! 1Wklv udwlr zklfk lv +e| dvvxpswlrq, odujhu wkdq 4 zloo eh d nh| sdudphwhu lq
rxu htxloleulxp dqdo|vlv1 Ghshqglqj xsrq wkh lqwhusuhwdwlrq/ lw frxog phdvxuh wkh lqwhqvlw|
ri wkh vxshulrulw| ri wkh uhirup dv frpsduhg wr wkh vwdwxv txr ru wkh h{ dqwh dgydqwdjh ri
oree| 4 ryhu oree| 3 lq whupv ri exgjhwv1
Wkh ohjlvodwxuh lv ghvfulehg e| d vlpsoh jdph   l1h1 d sdlu EQ>Z> zkhuh Q ' i> 2> ===> qj
lv wkh vhw ri ohjlvodwruv dqg Z wkh vhw ri zlqqlqj frdolwlrqv vdwlvhv= V 5 Z dqg V  W
lpsolhv W 5 Z 1 Wkh lqwhusuhwdwlrq lv wkh iroorzlqj1 D eloo lv dgrswhg li dqg rqo| li wkh
vxevhw ri ohjlvodwruv zkr yrwhg iru wkh eloo irupv d zlqqlqj frdolwlrq1 Iurp wkdw shuvshfwlyh/
wkh vhw ri zlqqlqj frdolwlrqv ghvfulehv wkh uxohv rshudwlqj lq wkh ohjlvodwxuh wr pdnh ghflvlrqv1
D frdolwlrq F lv eorfnlqj li QqF lv qrw zlqqlqj= vrph ohjlvodwruv +dw ohdvw rqh, iurp F duh
qhhghg wr irup d zlqqlqj frdolwlrq1 Zh zloo ghqrwh e| E wkh vxevhw ri eorfnlqj frdolwlrqv   >
iurp wkh ghqlwlrq/ wkh vwdwxv txr lv pdlqwdlqhg dv vrrq dv wkh vhw ri ohjlvodwruv zkr yrwhg
djdlqvw wkh eloo irupv d eorfnlqj frdolwlrq1 Wkh vlpsoh jdph lv fdoohg surshu li V 5 Z lpsolhv
QqV @5 Z 1 Wkh vlpsoh jdph lv fdoohg vwurqj li V @5 Z lpsolhv QqV 5 Z dqg frqvwdqw0vxp
li lw lv erwk surshu dqg vwurqj l1h1 htxlydohqwo| li E @Z  1 Wkh vhw ri plqlpdo +zlwk uhvshfw
wr lqfoxvlrq, zlqqlqj +eorfnlqj, frdolwlrqv zloo eh ghqrwhgZ & +E & = D ohjlvodwru lv d gxpp|
li kh lv qrw sduw ri dq| plqlpdo zlqqlqj frdolwlrq/ zkloh d ohjlvodwru lv d yhwrhu li kh ehorqjv
wr doo eorfnlqj frdolwlrqv1 D jurxs ri ohjlvodwruv irupv dq roljdufk| li d frdolwlrq lv zlqqlqj
l lw frqwdlqv wkdw jurxs l1h1 hdfk phpehu ri wkh roljdufk| lv d yhwrhu dqg wkh roljdufk| grhv
qrw qhhg dq| h{wud vxssruw wr zlq l1h1 ohjlvodwruv rxwvlgh wkh roljdufk| duh gxpplhv1 Zkhq
wkh roljdufk| frqvlvwv ri d vlqjoh ohjlvodwru/ wkh jdph lv fdoohg glfwdwruldo1 Lq vrph fdvhv
lw zloo eh srvvleoh wr rughu/ sduwldoo| ru wrwdoo|/ wkh ohjlvodwruv dffruglqj wr ghvludelolw| dv
ghqhg e| Pdvfkohu dqg Shohj +4<99,1 Ohjlvodwru l 5 Q lv dw ohdvw dv ghvludeoh dv ohjlvodwru
m 5 Q li V ^ imj 5 Z lpsolhv V ^ ilj 5 Z iru doo V  Qq il> mj1 Ohjlvodwruv l dqg m duh
v|pphwulf ru lqwhufkdqjhdeoh li V ^ imj 5 Z l V ^ ilj 5 Z iru doo V  Qq il> mj1
Lq wklv sdshu/ doo ohjlvodwruv duh dvvxphg wr eh eldvhg wrzdugv srolf| 4 l1h1 doo ri wkhp zloo
yrwh iru srolf| 4 djdlqvw srolf| 3 li qr rwkhu hyhqw lqwhuihuhv zlwk wkh yrwlqj surfhvv1 Xqghu
wkh lqwhusuhwdwlrq sulylohjhg lq wklv sdshu/ wklv dvvxpswlrq vlpso| phdqv wkdw ohjlvodwruv
yrwh iru wkh srolf| pd{lpl}lqj wkh djjuhjdwh vrfldo zhoiduh1 Wklv dvvxpswlrq lv ri frxuvh
	 Lq vrfldo vflhqfhv lw lv vrphwlphv fdoohg d frpplwwhh ru d yrwlqj jdph1 Lq frpsxwhu vflhqfh/ lw lv fdoohg d
txruxp v|vwhp +Kro}pdq/ Pdufxv dqg Shohj +4<<:,, zkloh lq pdwkhpdwlfv/ lw lv fdoohg d k|shujudsk +Ehujh
+4<;<,/ Erooredv+4<;9,,1 Dq h{fhoohqw uhihuhqfh lv Wd|oru dqg ]zlfnhu +4<<<,1
 Lq jdph wkhru|/ +Q>E, lv riwhq fdoohg wkh gxdo jdph1  Zkhq wkh vlpsoh jdph lv frqvwdqw0vxp/ wkh wzr frpshwlqj dowhuqdwlyhv duh wuhdwhg htxdoo|1
;
frqwuryhuvldo   dqg ehfrphv hyhq pruh vr zkhq zh dedqgrq wkh lqwhusuhwdwlrq lq whupv ri
vrfldo h!flhqf|1 Lw lv lqwurgxfhg khuh iru wkh vdnh ri vlpsolflw| dv/ rwkhuzlvh/ zh zrxog kdyh
wr frqvlghu dq dgglwlrqdo sdudphwhu ri glhuhqfhv dprqj wkh ohjlvodwruv wkdw zh suhihu wr
ljqruh iru wkh wlph ehlqj1 Lqghhg/ lq frqwudvw wr Edqnv +5333, dqg Jurvhforvh dqg Vq|ghu
+4<<9,/ rxu dvvxpswlrq rq wkh suhihuhqfhv ri ohjlvodwruv uxoh rxw wkh h{lvwhqfh ri krul}rqwdo
khwhurjhqhlw|1 Krzhyhu/ ohjlvodwruv dovr ydoxh prqh| dqg zh lqwurgxfh lqvwhdg vrph irup ri
yhuwlfdo khwhurjhqhlw|1 Suhflvho|/ zh dvvxph wkdw ohjlvodwruv glhu dprqj wkhpvhoyhv dffrug0
lqj wr wkhlu zloolqjqhvv wr ghsduw iurp vrfldo zhoiduh1 Wkh w|sh ri ohjlvodwru l/ ghqrwhg e|
 ' > lv wkh plqlpdo dprxqw ri grooduv wkdw kh qhhgv wr uhfhlyh lq rughu wr vdfuli| rqh groodu
ri vrfldo zhoiduh1 Wkhuhiruh li wkh srolf| dgrswhg jhqhudwhv d ohyho ri vrfldo zhoiduh htxdo wr
Z / wkh sd|r ri ohjlvodwru l li kh uhfhlyhv d wudqvihu w ' lv=
w ' n  'Z=
Wklv sd|r irupxodwlrq lv frpsdwleoh zlwk wzr ehkdylrudo dvvxpswlrqv1 Hlwkhu/ wkh
frpsrqhqw Z dsshduv dv vrrq dv wkh ohjlvodwru kdv yrwhg iru d srolf| jhqhudwlqj d ohyho ri
vrfldo zhoiduh Z uhjdugohvv ri wkh idfw wkdw wklv srolf| kdv ehhq xowlpdwho| vhohfwhg ru qrw=
zh zloo uhihu wr wklv prgho/ dv ehkdylrudo prgho S/ zkhuh S vwdqgv iru surfhgxudo1 Ru/ wkh
frpsrqhqw Z dsshduv zkhqhyhu wkh srolf| xowlpdwho| vhohfwhg jhqhudwhv d ohyho ri vrfldo
zhoiduh Z uhjdugohvv ri wkh idfw wkdw wkh ohjlvodwru kdv yrwhu iru ru djdlqvw wklv srolf|= zh
zloo uhihu wr wklv prgho/ dv ehkdylrudo prgho F/ zkhuh F vwdqgv iru frqvhtxhqwldo1 Lq wklv
sdshu/ zh zloo irfxv h{foxvlyho| rq wkh ehkdylrudo prgho S dqg h{sodlq lq wkh odvw vhfwlrq
krz wr dgmxvw wkh uhvxowv lq wkh fdvh ri ehkdylrudo prgho F1
Wr surprwh sdvvdjh ri wkh eloo/ oree| 4 fdq surplvh wr sd| prqh| wr lqglylgxdo ohjlvodwruv
frqglwlrqdo rq wkhlu vxssruwlqj wkh eloo1 Vlploduo|/ oree| 3 fdq surplvh wr sd| prqh| wr
lqglylgxdo ohjlvodwruv frqglwlrqdo rq wkhlu rssrvlqj wkh eloo1 Zh ghqrwh e| w '   f dqg
w '(  f wkh +frqglwlrqdo, rhuv pdgh wr ohjlvodwru l e| oreelhv 3 dqg 4 uhvshfwlyho|1 Wkh
fruuhvsrqglqj q0glphqvlrqdo yhfwruv zloo eh ghqrwhg uhvshfwlyho| e| w  dqg w  1
Wkh wlplqj ri dfwlrqv dqg hyhqwv wkdw zh frqvlghu wr ghvfuleh wkh oree|lqj jdph lv wkh
iroorzlqj   1
41 Qdwxuh gudzv wkh w|sh ri hdfk ohjlvodwru1
51 Oree| 4 pdnh frqwlqjhqw prqhwdu| rhuv wr lqglylgxdo ohjlvodwruv1
61 Oree| 3 revhuyhv wkh rhuv pdgh e| oree| 4 dqg pdnhv frqwlqjhqw prqhwdu| rhuv wr
lqglylgxdo ohjlvodwruv
 Lw lv krzhyhu yhu| frpprq lq wkh uhfhqw olwhudwxuh rq oree|lqj +Jurvvpdq dqg Khospdq +5334,,1 Vshflf ghwdlov dqg dvvxpswlrqv zloo eh surylghg lq gxh wlph1
<
71 Ohjlvodwruv yrwh1
81 Sd|phqwv +li dq|, duh lpsohphqwhg1
Wklv jdph kdv q n 2 sod|huv1 D vwudwhj| iru d oree| lv d yhfwru lq ? ) * 1 Hdfk ohjlvodwru
fdq fkrvh dprqj wzr +sxuh, vwudwhjlhv= wr rssrvh ru wr vxssruw wkh eloo1
Wkh lpsruwdqw wklqj wr qrwh lv wkdw wkh wzr oreelhv pryh lq vhtxhqfh   1 Iroorzlqj Edqnv
+5333,/ Glhuphlhu dqg P|huvrq +4<<<, dqg Jurvhforvh dqg Vq|ghu +4<<9,/ zh dvvxph wkdw
oree| 4/ wkh dgyrfdwh iru fkdqjh/ pdnhv wkh uvw pryh dqg dqqrxqfhv lwv rhuv uvw/ dqg
oree|4*v rhuv duh nqrzq wr oree| 3 zkhq oree| 3 pdnhv lwv rhuv wr lqgxfh ohjlvodwruv wr
rssrvh wkh eloo1 Wklv vhtxhqwldo yhuvlrq ri wkh oree|lqj jdph vkrxog eh frqwudvwhg zlwk wkh
yhuvlrq zkhuh hlwkhu wkh wzr oreelhv pryh vlpxowdqhrxvo| ru zkhuh oreelhv pdnh rhuv lq dq
rshq0hqghg vhtxhqwldo dqg dowhuqdwlqj elgglqj surfhvv1 Dv srlqwhg rxw e| Ghnho/ Mdfnvrq
dqg Zrolqvn| +5339,/ lq vxfk fdvh wkh ghwdlohg vshflfdwlrq ri wkh w|sh ri rhuv dv zhoo dv
wkh exgjhw frqvwudlqwv +li dq|, pd| pdwwhu1 Iru lqvwdqfh/ zh fdq dvvxph wkdw oreelhv* rhuv
duh hlwkhu xs0iurqw sd|phqwv ru fdpsdljq surplvhv krqruhg rqo| li wkh srolf| vxssruwhg e|
wkh oree| lv xowlpdwho| vhohfwhg1 Lq wkh fdvh zkhuh wkh pryhv duh vlpxowdqhrxv fdpsdljq
surplvhv zlwk exgjhw frqvwudlqwv/ wkh oree|lqj jdph ehorqjv wr wkh idplo| ri Frorqho Eorwwr
jdphv/ d fodvv ri glvfrqwlqxrxv wzr0sod|hu }hur0vxp jdphv zklfk duh qrwrulrxvo| gl!fxow
wr vroyh> h{lvwhqfh dqg fkdudfwhul}dwlrq ri htxloleuld lq pl{hg vwudwhjlhv kdv ehhq suryhg lq
wkh v|pphwulf fdvh l1h1 zkhq Z  ' Z  dqg iru vrph yhu| vshflf vlpsoh jdphv/ olnh wkh
vlpsoh pdmrulw| jdph1 Lq rxu fdvh/ zkhuh hdfk oree| pryhv rqo| rqfh dqg lq vhtxhqfh/ wkhvh
glhuhqfhv gr qrw pdwwhu1 Wkh vshflflw| ri wkh vhtxhqwldo jdph zklfk lv frqvlghuhg khuh
kdv ehhq fulwlfl}hg e| vhyhudo dxwkruv lqfoxglqj Ghnho/ Mdfnvrq dqg Zrolqvn| +5339, dqg
Jurvvpdq dqg Khospdq +5334,1 Lq sduwlfxodu/ lq wklv jdph/ wkhuh lv d vwurqj vhfrqg pryhu
dgydqwdjh1 Qrwh krzhyhu/ wkdw zh fdq vhh wkh uhvxowv ri wklv sdshu dv dqvzhulqj dowhuqdwlyho|
wkh iroorzlqj txhvwlrqv= krz pxfk dv|pphwulf pxvw eh wkh exgjhwv ru ydoxdwlrqv ri wkh wzr
oreelhv wr hqvxuh wkh h{lvwhqfh ri d sxuh vwudwhj| Qdvk htxloleulxp lq wkh vlpxowdqhrxv
yhuvlrq ri wkh jdph l1h1 lq wklv jhqhudol}hg Frorqho Eorwwr jdphB Zkhq lw h{lvwv/ krz
wkh rhuv pdgh wr ohjlvodwruv lq vxfk htxloleulxp orrn olnh dqg ghshqg xsrq wkhlu shuvrqdo
fkdudfwhulvwlfv1
Wr frpsohwh wkh ghvfulswlrq ri wkh jdph/ lw uhpdlqv wr vshfli| zkdw duh wkh lqirupdwlrqv
 zkhq wkh wzr oreelhv dfw vlpxowdqhrxvo|/ wkdw zh fdoo frpsdfwo| +zlwk d voljkw dexvh lq wkh whuplqrorj|,
Qdvk htxloleuld1 Zh vkrz wkdw wkh| duh h!flhqw exw h{lvw rqo| xqghu yhu| vwulqjhqw frqglwlrqv1 Wkhq/ zh
h{soruh wkh vhw ri vxejdph shuihfw Qdvk htxloleuld lq wkh fdvh zkhuh wkh wzr oreelhv pryh lq vhtxhqfh/ wkdw
zh fdoo Vwdfnhoehuj htxloleuld dqg vkrz wkh fulwlfdo uroh sod|hg e| wkh h!flhqf| wkuhvkrog1 Wkhvh uhvxowv duh
ghulyhg zlwkrxw sxwwlqj wrr pxfk vwuxfwxuh rq wkh vlpsoh jdph1 Lq rxu qdo sduw/ zh orrn vshflfdoo| dw
wkh fdvh ri wkh pdmrulw| jdph zlwk wkuhh ohjlvodwruv dqg fdofxodwh wkh Qdvk htxloleulxp lq pl{hg vwudwhjlhv1
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khog e| wkh sod|huv zkhq wkh| dfw1 Lq wklv sdshu/ zh kdyh douhdg| lpsolflwo| dvvxphg
wkdw wkh yrwhv ri wkh ohjlvodwruv duh revhuydeoh/ l1h1 rshq yrwlqj/ dqg wkdw wkh yhfwru  '
E  >  + > ====>  )  ri ohjlvodwruv*v w|shv lv frpprq nqrzohgjh dqg zlwkrxw orvv ri jhqhudolw| vxfkwkdw     +  ===   ) 11 Zh uhihu wr wklv lqirupdwlrqdo hqylurqphqw dv srolwlfdo fhuwdlqw|1Lw kdv wzr lpsolfdwlrqv= uvw/ wkh oreelhv nqrz wkh w|shv ri wkh ohjlvodwruv zkhq wkh| pdnh
wkhlu rhuv dqg vhfrqg/ hdfk ohjlvodwru nqrzv wkh w|sh ri dq| rwkhu ohjlvodwru zkhq yrwlqj1
Wkh hqylurqphqw zkhuh wkh w|sh  ' ri ohjlvodwru l lv d sulydwh lqirupdwlrq/ wr zklfk zh uhihu
dv srolwlfdo xqfhuwdlqw|/ lv dqdo|}hg lq Oh Euhwrq dqg ]dsrur}khwv +533:, lq wkh fdvh zkhuh
wkh wzr oreelhv pryh vlpxowdqhrxvo|1
6 Wkh Ylfwru| Wkuhvkrog
Lq wklv vhfwlrq/ zh ehjlq rxu h{dplqdwlrq ri wkh vxejdph shuihfw Qdvk htxloleuld ri wkh
oree|lqj jdph1 Khuhdiwhu/ zh zloo uhihu wr wkhp vlpso| dv htxloleuld1 Rxu uvw remhfwlyh lv wr
fdofxodwh d nh| sdudphwhu ri wkh jdph/ wkdw zh fdoo wkh ylfwru| wkuhvkrog1 Rqfh fdofxodwhg/
wklv sdudphwhu ohdgv wr wkh iroorzlqj suholplqdu| ghvfulswlrq ri wkh htxloleulxp1 Hlwkhu/ wkh
udwlr ,-! lv odujhu wkdq ru htxdo wr wkh ylfwru| wkuhvkrog dqg wkhq oree| 4 pdnhv dq rhu dqg
zlqv wkh jdph/ ru ,-! lv vpdoohu wkdq wkh ylfwru| wkuhvkrog dqg wkhq oree|4 grhv qrw pdnh
dq| rhu dqg oree| 3 zlqv wkh jdph1 Wkh ylfwru| wkuhvkrog ghshqgv erwk xsrq wkh yhfwru
ri w|shv  dqg wkh vlpsoh jdph EQ>Z1 Jlyhq wkh vhfrqg pryhu dgydqwdjh/ wkh ylfwru|
wkuhvkrog lv odujhu wkdq ru htxdo wr 41 Wkhuhiruh/zkloh qhfhvvdu|/ Z  A Z  lv qrw vx!flhqw
lq jhqhudo wr jxdudqwhh wkh ylfwru| ri oree| 41 Wkh ylfwru| wkuhvkrog surylghv wkh vpdoohvw
ydoxh ri wkh uhodwlyh glhuhqwldo ohdglqj wr vxfk ylfwru|1
Wkh htxloleulxp ri wkh oree|lqj jdph fdq eh hdvlo| ghvfulehg1 Ohw w  ' Ew . > w +/ > ======> w )   5? ) * eh oree| 4*v rhuv1 Oree| 3 zloo qg surwdeoh wr pdnh d frxqwhu rhu li wkhuh h{lvwv d
eorfnlqj frdolwlrq V vxfk wkdw=
[
'(021
w '( n  'Z   ? [
'(021
 ' Z  nZ  =
Lqghhg/ lq vxfk fdvh/ wkhuh h{lvwv d yhfwru w  ' Ew   > w +  > ======> w )   ri rhuv vxfk wkdw=
w '( n  'Z  ? w '  n  ' Z  iru doo l 5 V dqg ['(021 w '  ? Z  =
Wkh uvw vhw ri lqhtxdolwlhv lpsolhv wkdw ohjlvodwruv lq V zloo yrwh djdlqvw wkh eloo zkloh
wkh odvw rqh vlpso| vd|v wkdw wkh rshudwlrq lv ehqhfldo iurp wkh shuvshfwlyh ri oree| 31
44
Wkhuhiruh / li oree| 4 zdqwv wr pdnh dq rhu wkdw fdqqrw eh fdqfhoohg e| oree| 3/ lw pxvw
vdwlvi| wkh olvw ri lqhtxdolwlhv=
[
'(031
w '( n  ' {Z ? Z  iru doo V 5 E=






vxemhfw wr wkh frqvwudlqwv +4,[
'(021
w '6 n  ' {Z   Z  iru doo V 5 E
dqg w '(  f iru doo l 5 Q=
Oree| 4 zloo qg surwdeoh wr rhu wkh rswlpdo vroxwlrq w 7  ri sureohp +4, li wkh rswlpdo
ydoxh wr wklv olqhdu surjudp lv ohvv wkdq Z  = Lw lv wkhq lpsruwdqw wr eh deoh wr frpsxwh
wklv rswlpdo ydoxh1 Wr gr vr/ zh uvw lqwurgxfh wkh iroorzlqj ghqlwlrq iurp frpelqdwruldo
wkhru|1
Ghqlwlrq 41 D idplo| ri frdolwlrqv F lv +vxe,edodqfhg li wkhuh h{lvwv d yhfwru  5 ? 8$9 /
fdoohg +vxe,edodqflqj frh!flhqwv/ vxfk wkdw=
[
1:0 9<;
EV  E'  iru doo l 5 Q
dqg EV  f iru doo V 5 F=
Wkh iroorzlqj uhvxow vxppdul}hv wkh htxloleulxp dqdo|vlv ri wkh vhtxhqwldo jdph1
Sursrvlwlrq 41 Hlwkhu +l,Z   S 1:0>= EV Z  S '(021  ' {Z  iru doo yhfwruv ri vxeedo0
dqflqj frh!flhqwv  dwwdfkhg wr E dqg wkhq oree| 4 rhuv dq rswlpdo vroxwlrq w 7  wr sureohp
+4, dqg oree| 3 rhuv qrwklqj dqg vr wkh eloo lv sdvvhg1 Ru +ll,Z  ? S 1?0>= EV Z  S '(021  ' {Z 
iru dw ohdvw rqh yhfwru ri vxeedodqflqj frh!flhqwv  dwwdfkhg wr E dqg wkhq erwk oree|lvwv
surplvh qrwklqj dqg vr wkh eloo lv qrw sdvvhg1
Surri = Ohw y 7 EE> eh wkh rswlpdo ydoxh ri sureohp +4,1 Iurp wkh gxdolw| wkhruhp ri
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vxemhfw wr wkh frqvwudlqwv[
1:0>= ;
EV   iru doo l 5 Q
dqg EV  f iru doo V 5 E1
Wkh frqfoxvlrq iroorzv1 
Wklv uhvxow AB ohdgv wr vhyhudo frqfoxvlrqv1 Li Z  S '(021  ' {Z  f iru doo V 5 E/ wkhq
 ' f lv d vroxwlrq dqg wkhuhiruh y 7 EE> ' f1 Zh duh lq fdvh +l, exw oree| 4 surplvhv
qrwklqj1 Li lqvwhdg/ Z  S '(021  ' {Z A f iru dw ohdvw rqh V 5 E/ wkhq y 7 EE> A f1 Qrwh
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vxemhfw wr wkh frqvwudlqwv[
1:0>= ;
EV   iru doo l 5 Q
dqg EV  f iru doo V 5 E1
FG Qrwh wkdw zh frxog uhsodfh E e| E H lq wkh vwdwhphqw ri sursrvlwlrq 41IJ Wklv whuplqrorj| lv gxh wr Glhuphlhu dqg P|huvrq +4<<<,1
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Diwhu vlpsolfdwlrqv/ zh ghgxfh wkdw li zh duh lq fdvh +l,/ wkhq=
Z 
Z   
7 EE nS '(0C5  '
 nS '(0C5  ' = +6,
Lqhtxdolw| +6, lv vlpso| d qhfhvvdu| frqglwlrq iru fdvh +l, wr suhydlo1 Lw lv dovr vx!flhqw
iru dq| sureohp zkhuh lw fdq eh vkrzq wkdw doo wkh frruglqdwhv ri w 7  > wkh vroxwlrq wr sureohp
+4,/ duh vwulfwo| srvlwlyh1 Lqghhg/ lq wkdw fdvh/ zh ghgxfh iurp wkh frpsohphqwdu| vodfnqhvv
frqglwlrq/ wkdw= [
1:0>= ;
EV '  iru doo l 5 Q>
dqg +5, ehfrphv dq htxdolw|1
Wkh irufh ri sursrvlwlrq 4 lv wr uhgxfhv wkh ghulydwlrq ri wkh ylfwru| wkuhvkrog wr wkh
h{sorudwlrq ri wkh jhrphwu| ri d frqyh{ sro|wrsh= wkh sro|wrsh ri yhfwru ri vxeedodqflqj
frh!flhqwv1 Wr xvh lw h!flhqwo|/ lw pd| eh dssursuldwh wr frqvlghu dq duelwudu| idplo| ri
edodqfhg frdolwlrqv l1h1 zlwk hgjhv qrw qhfhvvdulo| lq E1 Li zh ghqh wkh ixqfwlrq x ryhu
frdolwlrqv ri Q dv iroorzv=
xEV '
 Z  S '(021  ' {Z li V 5 E>
f rwkhuzlvh1
wkhq wkh gxdolw| dujxphqw xvhg lq wkh surri ri sursrvlwlrq 4 vkrzv wkdw lq wkh vwdwhphqw
zh fdq wulyldoo| uhsodfhg %S 1?0>= EV Z  S '(021  ' {Z  iru doo yhfwruv ri vxeedodqflqj fr0
h!flhqwv  dwwdfkhg wr E% e| %S 1?KL5 EVxEV iru doo yhfwruv ri edodqflqj frh!flhqwv %1
Wkh uvw irupxodwlrq lv xvhixo dv vrrq dv zh duh lq srvlwlrq wr fkdudfwhul}h wkh yhfwru ri
vxeedodqflqj frh!flhqwv dwwdfkhg wr wkh idplo| ri frdolwlrqv E l1h1 wr wkh vlpsoh jdph D A 1
Wklv dprxqwv uvw wr h{soruh wkh frpelqdwrulfv ri vlpsoh jdphv1 D fodvvlfdwlrq ri vlpsoh
jdphv zdv uvw surylghg e| Prujhqvwhuq dqg yrq Qhxpdqq +4<77, dqg ixuwkhu h{soruhg e|
Lvehoo +4<89,+4<8<,1 Wkh vhfrqg irupxodwlrq wdnhv dgydqwdjh ri wkh wuhphqgrxv yroxph ri
uhvhdufk dffrpsolvkhg lq frrshudwlyh jdph wkhru|1 Lqghhg/ lv zhoo nqrz vlqfh Erqgduhyd
+4<96, dqg Vkdsoh| +4<9:, wkdw d jdph zlwk wudqvihudeoh xwlolw| kdv d qrqhpsw| fruh l lw
lv edodqfhg1 Dv srlqwhg rxw e| Vkdsoh|/ wklv dprxqwv wr fkhfn wkh edodqfhgqhvv lqhtxdolwlhv
iru wkh h{wuhph srlqwv ri wkh sro|wrsh ri edodqfhg froohfwlrqv ri frdolwlrqv1 Kh ghprqvwudwhg
wkdw yhfwru  lv dq h{wuhph srlqw ri wkh sro|wrsh ri edodqfhg froohfwlrqv l wkh froohfwlrq ri
frdolwlrqv iVj 1?ML5-N O/PQ1SR6T  lv plqlpdo lq whupv ri lqfoxvlrq zlwklq wkh vhw ri edodqfhg froohf0
wlrqv ri frdolwlrqv1 D plqlpdo edodqfhg froohfwlrq kdv dw prvw q vhwv D.D 1 Shohj +4<98, kdv
I.F Kro}pdq/ Pdufxv dqg Shohj +4<<:, frqwdlqv uhvxowv rq wkh sro|wrsh ri edodqflqj frh!flhqwv iru dq
duelwudu| surshu dqg vwurqj vlpsoh jdph1II Zh uhihu wkh uhdghu wr Rzhq +5334, iru d frpsohwh dqg qlfh h{srvlwlrq ri wklv pdwhuldo1
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jlyhq dq dojrulwkp iru frqvwuxfwlqj wkh plqlpdo edodqfhg vhwv lqgxfwlyho|1 Zh looxvwudwh wkh
phfkdqlfdo xvh ri sursrvlwlrq 4 wkurxjk d vhtxhqfh ri vlpsoh h{dpsohv 1
H{dpsoh 41 Frqvlghu wkh vlpsoh pdmrulw| jdph zlwk 6 ohjlvodwruv zkhuh V 5 E & l
rV ' 2 l1h1 V ' i> 2j/ i> j dqg i2> j1 Wkh vhw ri yhfwruv ri vxeedodqflqj frh!flhqwv lv
wkh sro|wrsh ghvfulehg e| wkh vhw ri h{wuhph srlqwv



























Iurp wkh rughulqj ri wkh  ' dqg sursrvlwlrq 4/ zh ghgxfh wkdw
y 7 EE>  ' VxsZ   E  n  + {Z> Z   2 E  n  + n  U {Z2 > f

>
 7 EE ' 2Z  =
Wkh uvw +uhvshfwlyho| vhfrqg, whup lv wkh odujhvw zkhqhyhu E  n  + {Z  Z   2 U {Z
Euhvshfwlyho| Z   2 U {Z  dqg y 7 EE>  ' f zkhqhyhu E  n  + {Z  Z  1
Zh zloo h{dplqh odwhu krz wr ghulyh wkh rswlpdo +rhuv, ri oree| 4 dqg lq sduwlfxodu wkh
shuvrqdo fkdudfwhulvwlfv ri wkh ohjlvodwruv zkr duh rhuhg vrph srvlwlyh dprxqw1 Wklv zloo
ghshqg reylrxvo| rq wzr pdlq ihdwxuhv=  ' l1h1 klv2khu shuvrqdo surshqvlw| wr yrwh djdlqvw
vrfldo zhoiduh dqg dovr lwv srvlwlrq lq wkh idplo| ri frdolwlrqv1 Li ohjlvodwru l lv d gxpp| wkhq/
reylrxvo|/ w '( ' f1 Exw li kh lv qrw d gxpp|/ wkhq lq sulqflsoh doo vlwxdwlrqv duh frqfhlydeoh=
kh pd| uhfhlyh vrphwklqj lq doo rswlpdo rhuv/ lq vrph ri wkhp ru lq qrqh ri wkhp1 Lw
zloo eh lpsruwdqw wr nqrz wkh vwdwxv ri d ohjlvodwru dffruglqj wr wklv fodvvlfdwlrq lq wkuhh
jurxsv1 Lq h{dpsoh 4/ qr ohjlvodwru lv d gxpp|1 Krzhyhu/ li E  n  + {Z  Z   2 U {Z
/ wkhq wkh uhohydqw h{wuhph srlqw lv E> f> f1 Vlqfh wkhq S 1:0>=?V EV ? / zh ghgxfh iurp
frpsohphqwdu| vodfnqhvv wkdw w U/ ' f1
H{dpsoh 51 Frqvlghu wkh vlpsoh jdph zlwk 7 ohjlvodwruv D.W zkhuh V 5 E & l V ' i> 2j/i> j/ i> ej ru i2> > ej1 Dffruglqj wr Vkdsoh| +4<9:,/ wkh plqlpdo edodqfhg idplolhv ri
frdolwlrqv duh +xs wr shupxwdwlrqv,=
ii> 2> j > i> 2> ej > i> > ej > i2> > ejj > ii> 2j i> j i> ej i2> > ejj >
ii> 2j i> j i2> j iejj > ii> 2j i> > ej i2> > ejj
zlwk wkh iroorzlqj uhvshfwlyh yhfwruv ri edodqflqj frh!flhqwv U > U > U > U  >  U > U > U > +U  >  + > + > + > 
IX Dv ghprqvwudwhg e| Yrq Qhxpdqq dqg Prujhqvwhuq ++4<77,/ 85F,/ wklv lv wkh xqltxh vwurqj vlpsoh
irxu0shuvrq jdph zlwkrxw gxpplhv1
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dqg  + > + > + > +  =Zh ghgxfh iurp sursrvlwlrq 4 wkdw=
y 7 EE>  ' Vxs
#
Z   E  n  + 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>
 7 EE ' DZ  =
H{dpsoh 61 Frqvlghu wkh iroorzlqj vlpsoh jdph zlwk 6 ohjlvodwruv dqg V 5 E & l
V ' i> 2jru i> j1 Wkh vhw ri yhfwruv ri vxeedodqflqj frh!flhqwv lv wkh sro|wrsh ghvfulehg
e| wkh vhw ri h{wuhph srlqwv Ef> f > E> f > Ef> 1 Zh ghgxfh iurp sursrvlwlrq 4 wkdw=
y 7 EE>  ' Vxs EZ   E  n  + {Z> f >
 7 EE ' Z  =
H{dpsoh 71 Frqvlghu wkh vlpsoh jdph zlwk 8 ohjlvodwruv zkhuh V 5 E & l V ' i> 2j/i> j/ i> e> Dj/ i2> > ej ru i2> > Dj1 Wkh jhrphwu| ri wkh sro|wrsh ehfrphv pruh lqwulfdwh1
Zh zloo ghprqvwudwh odwhu/ wkurxjk d glhuhqw whfkqltxh/ wkdw zkhq  ' f/ wkh uhohydqw
h{wuhph srlqw lv wkh yhfwru  g > g > Ug > +g > +g  l1h1
 7 EE ' bDZ  =
7 Frpsohphqwv dqg H{whqvlrqv
Sursrvlwlrq 4 frqvwlwxwhv dq lpsruwdqw hohphqw ri wkh wrronlw wr ghwhuplqh wkh ylfwru| wkuhvk0
rog1 Lq wklv vhfrqg vhfwlrq/ zh frqwlqxh wklv h{sorudwlrq ri wkh sureohp kdylqj lq plqg wr dgg
pruh hohphqwv lq wkh wrronlw1 Lq wkh uvw vxevhfwlrq/ zh vkrz wkdw lq wkh vshfldo fdvh zkhuh
 ' f/ rxu sureohp lv vwurqjo| frqqhfwhg wr rqh ri wkh prvw idprxv sureohp lq wkh frpelqd0
wrulfv ri vhwv1 Zh hoderudwh rq wkh uhodwlrqvkls zlwk wklv eudqfk ri dssolhg pdwkhpdwlfv dqg
vkrz krz wr wdnh dgydqwdjh ri wklv erg| ri nqrzohgjh wr jhw d ehwwhu xqghuvwdqglqj ri rxu
rzq txhvwlrqv/ rq wrs ri zklfk lv wkh ghwhuplqdwlrq ri wkh kxugoh idfwruv dwwdfkhg wr d vlpsoh
jdph1 Lq wkh vhfrqg vxevhfwlrq/ zh vkrz/ txlwh vxusulvlqjo|/ wkdw wkh vhw ri htxloleulxp rhuv
wr wkh ohjlvodwruv pdgh e| wkh uvw pryhu oree| frlqflghv zlwk wkh ohdvw fruh +dqg dozd|v
frqwdlqv wkh qxfohroxv, ri wkh vlpsoh jdph1 Zh wkhq h{soruh zlwklq wkh lpsruwdqw fodvv ri
zhljkwhg pdmrulw| jdphv/ krz wkh shuvrqdo srvlwlrqv ri wkh ohjlvodwruv lq wkh vlpsoh jdph
wudqvodwh lqwr vrph shuvrqdo sulfhv= zh vkrz wkdw pruh ghvludeoh ohjlvodwruv jhw pruh dqg
hydoxdwh wkurxjk uhdo zruog h{dpsohv wkh glhuhqfhv ehwzhhq wkhlu uhvshfwlyh sulfhv1 Lq wkh
wklug vxevhfwlrq/ zh fkdudfwhul}h wkh vl}h dqg wkh frpsrvlwlrq ri wkh frdolwlrqv ri ohjlvodwruv
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uhfhlylqj dq rhu lq wkh fdvh ri wkh vlpsoh pdmrulw| jdph dqg iru dq duelwudu| 1 Ilqdoo|/ lq
wkh odvw vxevhfwlrq/ zh vkrz krz wr dgmxvw wkh fxuuhqw irupxodwlrq dqg uhvxowv zkhq lqvwhdg
ri dvvxplqj wkdw ohjlvodwruv duh surfhgxudo/ zh dvvxph wkdw wkh| duh frqvhtxhqwldo1
714 Iudfwlrqdo Pdwfklqjv dqg Fryhulqjv
Wkh pdlq sxusrvh ri wklv vhfwlrq lv wr frqqhfw rxu sureohp wr wkh fryhulqj sureohp zklfk lv
frqvlghuhg wr eh rqh ri wkh prvw idprxv sureohpv lq wkh frpelqdwrulfv ri vhwv1 Dv srlqwhg
rxw e| I uhgl +4<;;,/ %wkh juhdw lpsruwdqfh ri wkh fryhulqj sureohp lv vxssruwhg e| wkh
idfw wkdw dssduhqwo| doo frpelqdwruldo sureohpv fdq eh uhirupxodwhg dv wkh ghwhuplqdwlrq ri
wkh fryhulqj qxpehu ri d fhuwdlq k|shujudsk%1 D k|shujudsk lv dq rughuhg sdlu K ' EQ>K
zkhuh Q lv d qlwh vhw ri q yhuwlfhv dqg K lv d froohfwlrq ri vxevhwv ri Q fdoohg hgjhv1 Wkh
udqn ri K lv wkh lqwhjhu uEK  Pd{ irH G H 5 Kj1 Li hyhu| phpehu ri K kdv u hohphqwv/
zh fdoo lw uxqlirup1 Dq uxqlirup k|shujudsk K lv fdoohg usduwlwh li wkhuh h{lvwv d
sduwlwlrq iQ i j .j%ikjLl ri Q vxfk wkdw rEQ i _H '  krogv iru doo H 5 K dqg doo n ' > ===N1
Wkh pd{lpxp ghjuhh ri wkh k|shujudsk K/ ghqrwhg GEK/ lv wkh qxpehu Pd{ '(0C5 Ghj m El
zkhuh Ghj m El  r iH 5 K G l 5 Hj1 D k|shujudsk lv Guhjxodu li Ghj m El ' GEK iru
doo l 5 Q 1 Jlyhq dq lqwhjhu n/ d k|shujudsk lv nzlvh lqwhuvhfwlqj li dq| n hgjhv ri lw kdyh
d qrq0hpsw| lqwhuvhfwlrq> lqwhuvhfwlqj lv xvhg lq sodfh ri 50lqwhuvhfwlqj1 Dq Eu> ghvljq
lv d k|shujudsk EQ>K vxfk wkdw iru doo l 5 Q / Ghj m El ' u dqg iru doo il> mj  Q /
r iV 5 K G il> mj  Vj ' 1 Lw lv fdoohg v|pphwulf li q ' rK1 Wkhq/ q ' n a Z n *poo 1 D
surmhfwlyh sodqh ri rughu q/ ghqrwhg e| SJE2> q lv d v|pphwulf Eq n >  ghvljq1 Pruh
jhqhudoo|/ d wglphqvlrqdo qlwh surmhfwlyh vsdfh ri rughu t/ ghqrwhg e| SJEw> t/ zkhuh t
lv d sulphsrzhu/ lv dq Eu> ghvljq zlwk u ' t 4 n t 4 Z  n ====n  dqg  ' t 4 Z  n ====n t n 1
D k|shujudsk lv dq ufoltxh +ru d pd{lpdo lqwhuvhfwlqj idplo| ri udqn u, li dq| wzr hgjhv
lqwhuvhfw lq dw ohdvw rqh srlqw dqg lw fdqqrw eh h{whqghg wr dqrwkhu lqwhuvhfwlqj idplo| e|
dgglqj d qhz uvhw1
Jlyhq dq lqwhjhu n/ d n0fryhu ri K lv d yhfwru w 5 if> > ====> nj ) vxfk wkdw=
[
'(021
w '  n iru doo V 5 K= +7,
D npdwfklqj ri K lv d froohfwlrq iH  > =====> H q j+uhshwlwlrqv duh srvvleoh, vxfk wkdw Hr 5K iru doo m ' > ===v hyhu| l 5 Q lv frqwdlqhg lq dw prvw n ri Hr 1 D fryhu +pdwfklqj, lv
vlpso| fdoohg d fryhu +pdwfklqj, ri K1 Qrwh wkdw d fryhu lv vlpso| d vhw W lqwhuvhfwlqj hyhu|
hgjh ri K l1h1 W _H 9' B iru doo H 5 K zkloh d pdwfklqj lv d froohfwlrq ri sdluzlvh glvmrlqw
phpehuv ri K 1 D nfryhu w 7 plqlpl}lqj S '(0C5 w ' vxemhfw wr wkh frqvwudlqwv +7, lv fdoohg
4:
dq rswlpdo nfryhu dqg  7i EK  S '(0C5 w 7' lv fdoohg wkh nfryhulqj qxpehu1 D npdwfklqj
 7 pd{lpl}lqj S 1:ML5 EV lv fdoohg dq rswlpdo npdwfklqj dqg  7i EK  S 1:ML5  7 EV lv
fdoohg wkh npdwfklqj qxpehu1 Zkhq n ' /  7  EK lv wkh plqlpxp fduglqdolw| ri wkh
fryhuv dqg lv fdoohg wkh fryhulqj qxpehu ri K zkloh  7  EK lv wkh pd{lpxp fduglqdolw| ri d
pdwfklqj dqg lv fdoohg wkh pdwfklqj qxpehu ri K1 D k|shujudsk K lv fulwlfdo li hdfk ri
lwv vxeidplolhv kdv d vpdoohu fryhulqj qxpehu l1h1  7  EEQ>K iHj ?  7  EK iru doo H 5 K1
D iudfwlrqdo fryhu ri K lv d yhfwru w 5 ? ) vxfk wkdw=[
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w '   iru doo V 5 K +8,
dqg w '  f iru doo l 5 Q 1
D iudfwlrqdo pdwfklqj ri K lv d yhfwru  5 ? 8$s vxfk wkdw=[
1?0 sut
EV   iru doo l 5 Q +9,
dqg EV  f iru doo V 5 K=
D iudfwlrqdo fryhu w 7 plqlpl}lqjS '(0C5 w ' vxemhfw wr wkh frqvwudlqwv +8, lv fdoohg dq rswlpdo
iudfwlrqdo fryhu dqg  7 EK  S '(0C5 w 7' lv fdoohg wkh iudfwlrqdo fryhulqj qxpehu1 D iudfwlrqdo
pdwfklqj  7 pd{lpl}lqj S 1:ML5 EV vxemhfw wr wkh frqvwudlqw +9, lv fdoohg dq rswlpdo iudf0
wlrqdo pdwfklqj dqg  7 EK  S 1?ML5  7 EV lv fdoohg wkh iudfwlrqdo pdwfklqj qxpehu1
Lw iroorzv lpphgldwho| iurp wkhvh ghqlwlrqv wkdw wkh kxugoh idfwru ri wkh vlpsoh jdph
EQ>Z lv wkh iudfwlrqdo fryhulqj qxpehu ri K ' EQ>E1 Li / lq frqwudvw wr zkdw kdv ehhq
dvvxphg lq wkh suhfhglqj vhfwlrq/ prqh| lv dydlodeoh lq lqglylvleoh xqlwv/ wkhq wkh dssursuldwh
sdudphwhu ehfrphv  7-Y EK zkhuh wkh lqwhjhu Z  lv wkh ydoxh ri srolf| 3 iru oree| 3 +zkhqF ' E l1h1 zkhq oree| 3 lv wkh iroorzhu, h{suhvvhg lq prqhwdu| xqlwv1 Wkh fdvh zkhuh
Z  '  lv ri sduwlfxodu lqwhuhvw dv lw ghvfulehv wkh vlwxdwlrq zkhuh oree| 3 kdv d vlqjoh
xqlw ri prqh| wr vshqg lq wkh surfhvv1 Wkh sureohp lv qrz sxuho| frpelqdwruldo= zkrp
vkrxog eh wkh ohjlvodwruv rq zklfk oree| 4 vkrxog vshqg rqh xqlw wr suhyhqw oree| 3 iurp d
wdujhwlqj d xqltxh slyrwdo ohjlvodwru v^w 1 Khuhdiwhu/ wkh lqwhjhu  7  EK zloo eh fdoohg wkh lqwhjudo
kxugoh idfwru1 Zkloh zh zloo irfxv prvwo| rq wkh glylvleoh fdvh/ lw lv lqwhuhvwlqj wr qrwh wkh
lpsolfdwlrqv ri lqglylvlelolwlhv rq wkh htxloleulxp rxwfrph ri wkh oree|lqj jdph1 Qrwh qdoo|
wkdw li zh lqyhuw wkh rughu ri pryhv ehwzhhq wkh wzr oreelhv/ wkhq wkh uhohydqw vlpsoh jdph
lv wkh gxdo jdph EQ>E dqg wkh fruuhvsrqglqj kxugoh idfwru wkdw zh zloo fdoo wkh gxdo kxugoh
xy Wr vxssruw wkdw lqwhusuhwdwlrq/ zh qhhg krzhyhu wr dvvxph wkdw d ohjlvodwru zkr lv lqglhuhqw euhdnv
wkh wlh lq gluhfwlrq ri oree| 31
4;
idfwru/ lv wkh iudfwlrqdo fryhulqj qxpehu ri K ' EQ>Z1 Wkh iroorzlqj ghyhorsphqwv dsso|
htxdoo| wr erwk kxugoh idfwruv dqg zh zloo riwhq xvh wkh v|peroK zlwkrxw vshfli|lqj zkhwkhuK ' E ru K ' Z1 Iru dq duelwudu| k|shujudsk K/ zh kdyh wkh lqhtxdolwlhv=
 7  EK   7i EKn   7 EK '  7 EK  
7i EK
n   7  EK1 +:,
Zh ghgxfh lpphgldwho| iurp wkhvh lqhtxdolwlhv wkdw wkh ydoxh ri wkh kxugoh idfwru lq0
fuhdvhv zlwk wkh %ghjuhh% ri lqglylvlelolwlhv> lqglylvlelolwlhv dfw dv dgglwlrqdo lqwhjhu frq0
vwudlqwv lq wkh olqhdu surjudp ghvfulelqj wkh ghwhuplqdwlrq ri wkh rswlpdo iudfwlrqdo pdwfk0
lqjv dqg fryhulqjv1 Zh vshqg wkh uhvw ri wklv vhfwlrq lq wkh fdofxodwlrq ri wkh kxugoh dqg
lqwhjudo kxugoh idfwruv vz iru vrph lpsruwdqw k|shujudskv dqg d vkruw h{srvlwlrq ri vrph
uhvxowv iurp wkh wkhru| ri k|shujudskv surylglqj erxqgv dqg hvwlpdwhv ri wkhvh qxpehuv
Wkh fdofxodwlrq ri wkh fryhulqj qxpehu ri dq duelwudu| k|shujudsk lv dq QS0kdug sureohp
lq frqwudvw wr wkh ghwhuplqdwlrq ri wkh iudfwlrqdo fryhulqj qxpehu zklfk dprxqwv wr vroyh
d olqhdu surjudp1 Wkh h{dpsohv suhvhqwhg ehorz dulvh iurp wkh wkhru| ri vlpsoh jdphv1 Lq
vrph fdvhv/ wkh k|shujudsk K ghvfulehv wkh idplo| ri plqlpdo zlqqlqj frdolwlrqv zkloh lq
vrph rwkhuv lw uhsuhvhqwv wkh idplo| ri plqlpdo eorfnlqj frdolwlrqv1
H{dpsoh 8 +Txdolhg Pdmrulwlhv2plqrulwlhv,1 Frqvlghu wkh fdvh ri dq duelwudu|
v|pphwulf vlpsoh jdph l1h1 V 5 K l rV ' t zkhuh t lv d {hg lqwhjhu1 Lq wkdw fdvh/ lw
lv hdv| wr vkrz wkdw  7 EK ' ) { 1 Iru lqvwdqfh/ lq wkh fdvh ri wkh zlqqlqj frdolwlrqv ri wkh
pdmrulw| jdph + t ' ) * + lv q lv rgg dqg t ' ) * ++ lv q lv hyhq,/ zh rewdlq=
 7 EK '  + )) *  li q lv rgg/+ )) * + li q lv hyhq1
zklfk whqgv wr 2 zkhq q whqgv wr lqqlw|1 Lq frqwudvw=
 7  EK '  ) * + li q lv rgg/) * ++ li q lv hyhq1
Zkhq q lv rgg wkh idplo| ri eorfnlqj frdolwlrqv ri wkh pdmrulw| jdph frlqflghv zlwk
wkh idplo| ri zlqqlqj frdolwlrqv1 Lqvwhdg/ zkhq q lv hyhq/ wkh idplo| ri plqlpdo eorfnlqj
frdolwlrqv K lv wkh idplo| ri vxevhwv ri fduglqdolw| ) + dqg wkhq  7 EK ' 2 zkloh  7  EK ' ) * ++ =
H{dpsoh 9 +V|pphwulf Vlpsoh Jdphv,1 Wkh jdphv frqvlghuhg lq h{dpsoh 8 glvsod|
d wrwdo v|pphwu| v.| lq wkh vhqvh wkdw wkh jurxs ri dxwrprusklvpv ri wkh vlpsoh jdph lv wkh
doo jurxs ri shupxwdwlrqv1 Zh fdq frqvlghu vlpsoh jdphv h{klelwlqj vrph uhjxodulw| zlwkrxw
x} Lw kdv ehhq ghprqvwudwhg e| Fkxqj/ Ixuhgl/ Jduh| dqg Judkdp +4<;;, wkdw iru dq| udwlrqdo qxpehu {/
wkhuh h{lvwv d/ k|shujudsk K @ +Q>K, vxfk wkdw  ~ +K, @ {1x Wklv k|shujudsk lv riwhq fdoohg wkh frpsohwh tjudsk1
4<
glvsod|lqj vxfk ohyho ri v|pphwu| v 1 Wklv lv wkh fdvh ri wkh Eu> ghvljq dqg lq sduwlfxodu
wkh surmhfwlyh sodqhv ri rughu q SJE2> q zklfk kdyh ehhq ghqhg hduolhu1 Vlpsoh fdofxodwlrqv
vkrz wkdw  7 Eu>  ' n Z o n n dqg wkhuhiruh 
7 ESJE2> q ' qn ) *  1Dqrwkhu h{dpsoh ri k|shujudsk glvsod|lqj vrph v|pphwu| gxh wr Hugùv dqg Orydv}
+4<:8, lv wkh iroorzlqj v. 1 Frqvlghu d vhw V zlwk 2  2 hohphqwv zkhuh  lv d jlyhq lqwhjhu1
Iru hdfk sduwlwlrq  ' ES>S   ri V zkhuh S ^ S  ' V dqg rV ' rV  '   / wdnh d
qhz hohphqw l  1 Ohw Q  V ^  il  j dqg ohw K eh wkh froohfwlrq ri doo wxsohv ri wkh irup
S ^ il  j zkhuh  ' ES>S   lv d sduwlwlrq1 Wkhq/ lw lv hdv| wr yhuli| wkdw  7 EK ' 2 dqg
 7  EK ' =
H{dpsoh : +Frpsrxqg Vlpsoh Jdphv,1 Dqrwkhu fodvv ri k|shujudskv ghvfulelqj
dq lpsruwdqw fodvv ri yrwlqj surfhgxuhv lv wkh iroorzlqj1 Ohw EQ n >Z n  .j n jL eh d idplo| riU k|shujudskv zlwk Q n _Q 4 ' B iru doo u> w ' > ===> U zlwk u 9' w1 Ohw EQ>Z eh vxfk wkdwQ ' ^ n  Q n dqg V 5 Z l V _ Q n 5 Z n iru doo u ' > ====> U1 Wklv lv wkh ghqlwlrq ri dpxowlfdphudo ohjlvodwxuh dv ghqhg e| Glhuphlhu dqg P|huvrq +4<<<,= d uhirup lv dssuryhg
li lw lv dssuryhg lq doo wkh glhuhqw U fkdpehuv dffruglqj wr wkh uxohv +srvvleo| glhuhqw, lq
xvh lq wkh fkdpehuv1 Lw lv hdv| wr vkrz wkdw=
 7 EE ' [
n 
 7 EE n =
Wklv pxowlfdphudo v|vwhp lv d vshfldo fdvh ri d frpsrxqg vlpsoh jdph dv ghqhg uvw e|
Vkdsoh| +4<95,1 Ohw
i> ====> Uj > hK eh d k|shujudsk rq wkh vhw ri fkdpehuv= hK ghvfulehv
wkh srzhu ri frdolwlrqv ri fkdpehuv +Glhuphlhu dqg P|huvrq +4<<<,*v ghqlwlrq fruuhvsrqgv
wr wkh fdvh zkhuh hK ' ii> ====> Ujj l1h1 hdfk fkdpehu kdv d yhwr srzhu,1 Lq jhqhudo/ V 5 K
l= iu 5 i> ====> Uj G V _Q n 5 Z n j 5 iZ=
Wkh frpsxwdwlrq ri  7 EZ lv qrz pruh lqwulfdwh1 Li i> ====> Uj > iZ lv xqlirup dv zhoo
dv EQ n >Z n  iru doo u ' > =====> U/ wkhq EQ>Z lv dovr xqlirup1 I uhgl +4<;4,*v lqhtxdolw|jlyhv dq xsshu erxqg rq  7 EZ1
Frqvlghu wkh fdvh zkhuh U ' 2N n  dqg rQ n ' 2q n n  iru doo u ' > =====> U zkhuhN> q  > ===q  duh lqwhjhuv dqg dvvxph wkdw
i> ====> Uj > iZ dqg EQ n >Z n  iru doo u ' > ====> Ux Yrq Qhxpdqq dqg Prujhqvwhuq +4<77, rhuv d qlfh ghqlwlrq ri v|pphwu| edvhg rq wkh jurxs ri
dxwrprusklvpv ri wkh jdph l1h1 wkh jurxs ri shupxwdwlrqv ohdylqj lqyduldqw wkh zlqqlqj frdolwlrqv1 Zh pd|
iru lqvwdqfh uhtxluh wklv jurxs wr eh nwudqvlwlyh iru vrph lqwhjhu n1 Zlwk vxfk ghqlwlrq/ wkh v|pphwu| ri
wkh jdph lqfuhdvhv zlwk wkh ydoxh ri n1x Wkh qxfohxv frwhulh frqvwuxfwhg e| Kro}pdq/ Pdufxv dqg Shohj +4<<:, dqg wkh v|pphwulf k|shujudsk
frqvlghuhg e| Oh Euhwrq +4<;<, ehdu vlplodulwlhv zlwk wkdw k|shujudsk1
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duh wkh vlpsoh pdmrulw| jdphv1 H{sorlwlqj wkh v|pphwu| ri wkh jdph/ wkh ghwhuplqdwlrq ri
dq rswlpdo iudfwlrqdo fryhu lv htxlydohqw wr wkh ghwhuplqdwlrq ri d yhfwru Ew  > ===> w   5 ?  *
plqlpl}lqj S n  E2q n n w n vxemhfw wr wkh frqvwudlqwv=[
n 021
Eq n n  w n   iru doo V  i> ====> Uj vxfk wkdw rV ' N n =
Zlwk wkh fkdqjh ri yduldeohv W n ' Eq n n  w n / wkh sureohp lv htxlydohqw wr wkh plqlpl}d0wlrq ri 2S n  E )2 *")C *  W n vxemhfw wr wkh frqvwudlqwv=[
n 021
W n   iru doo V  i> ====> Uj vxfk wkdw rV ' N n =
Wklv sureohp lv doprvw lghqwlfdo wr wkh fryhulqj sureohp iru wkh pdmrulw| jdph frqvlghuhg
lq h{dpsoh 41 Wkh rqo| glhuhqfh olhv lq wkh idfw wkdw wkh zhljkwv rq wkh yduldeohv gr qrw
qhhg wr eh wkh vdph li wkh srsxodwlrq lq wkh fkdpehuv glhu lq vl}h1 Zkhq wkh| duh lghqwlfdo/
xvlqj wkh fdofxodwlrq lq h{dpsoh 4/ zh ghgxfh wkdw=
 7 EZ ' E2N n  E2qn Eqn  EN n  /
zklfk whqgv wr e zkhq q ehfrphv odujh1
Lw lv gl!fxow lq jhqhudo wr ghulyh wkh h{dfw ydoxh ri  7 EK zkhqK lv wkh idplo| ri plqlpdo
eorfnlqj ru zlqqlqj frdolwlrqv ghvfulelqj wkh ghflvlrq pdnlqj surfhvv ri wkh ohjlvodwxuh1
Wkhq/ lw ehfrphv ydoxdeoh wr jhw vrph hvwlpdwhv ri wkhvh qxpehuv dqg wkh uhvxowv hvwdeolvkhg
lq wkh wkhru| ri k|shujudskv fdq eh xvhixo lq wkdw uhvshfw1
H{dpsoh ; +Vlpsoh Jdphv zlwk Uhvwulfwlrqv,1 Wkh vlpsoh jdph ghvfulehv wkh uxohv
ri wkh ohjlvodwxuh exw pd| dovr hqfrpsdvv vrph lqirupdwlrq derxw fkdudfwhulvwlfv ri wkh ohj0
lvodwruv vxjjhvwlqj wkdw vrph frdolwlrqv vkrxog eh ghfoduhg dv xqihdvleoh1 Wkh srsxodwlrq ri
ohjlvodwruv pd| eh sduwlwlrqhg dffruglqj wr vhyhudo w|shv olnh iru lqvwdqfh jhqghu/ jhrjudsk|/
hwkqlflw| ru lghrorj| dqg vrph frdolwlrqv/ fruuhvsrqglqj wr vrph sduwlfxodu pl{lqj ri wkh
w|shv/ pd| vlpso| wkhq eh frqvlghuhg dv luuhohydqw1
D uvw lpsruwdqw fodvvlfdo h{dpsoh lv wkh fdvh ri d rqh glphqvlrqdo ohiw0uljkw lghrorjlfdo
d{lv1 Lq vxfk vhwwlqj/ zh pd| dvvxph wkdw glvfrqqhfwhg frdolwlrqv duh xqolnho| wr irup1
Vr hyhq li wr sdvv d odz/ vd| d pdmrulw| ri ohjlvodwruv vx!fhv/ vrph ri wkhvh k|srwkhwlfdo
pdmrulwlhv fdq eh vdiho| glvuhjdughg1 Zkhq q ' 2n n  dqg wkh ohjlvodwruv duh rughuhg iurp
ohiw wr uljkw/ doo plqlpdo zlqqlqj frdolwlrqv frqwdlq wkh ohjlvodwru zlwk lqgh{ n n  l1h1 wkh
phgldq ohjlvodwru1 Wkh phgldq ohjlvodwru lv d yhwr sod|hu dqg wkh iudfwlrqdo qxpehu ri wklv
%wuxqfdwhg% pdmrulw| jdph lv htxdo wr  lqvwhdg ri 21
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Wklv vlwxdwlrq frxog eh jhqhudol}hg e| frqvlghulqj wkdw wkh ohjlvodwruv duh wkh yhuwlfhv
ri d wuhh dqg wkdw rqo| frqqhfwhg frdolwlrqv zlwk d pdmrulw| ri ohjlvodwruv fdq irup. > wkh
suhfhglqj h{dpsoh fruuhvsrqgv wr wkh vshflf fdvh zkhuh wkh wuhh lv d olqh vhjphqw
Li krzhyhu/ lqvwhdg ri ehlqj rughuhg rq d olqh ru d wuhh/ ohjlvodwruv duh rughuhg rq d
flufoh/ wkhq lw lv hdv| wr vhh wkdw wkh kxugoh idfwru ri wkh pdmrulw| uhpdlqv xqfkdqjhg dv wkh
fruuhvsrqglqj xqlirup k|shujudsk lv Guhjxodu1
Ilqdoo|/ ohjlvodwruv pd| eh lqlwldoo| sduwlwlrqhg lqwrN w|shv l1h1 Q ' ^ l i   Q i dqg lq vrphohjlvodwxuhv/ lw lv frqfhlydeoh wkdw wr eorfn d sursrvdo/ |rx qhhg dw ohdvw d ohjlvodwru ri hdfk
w|sh1 Lq wklv vhwwlqj/ wkh gxdo jdph lv qrw wkh v|pphwulf jdph dffruglqj wr zklfk d frdolwlrq
lv eorfnlqj li lw frqwdlqv dw ohdvw N ohjlvodwruv> lqvwhdg/ lw lv uhtxluhg wkdw lw frqwdlqv dw ohdvw
N sod|huv ri glhuhqw w|shv1 Ri frxuvh/ vrph ri wkhvh frdolwlrqv pd| eh luuhohydqw iru wkh
uhdvrqv glvfxvvhg hduolhu1 Wkh uhvxowlqj vhw ri plqlpdo eorfnlqj frdolwlrqv ghqh dNsduwlwh
k|shujudsk1 Vxssrvh iru lqvwdqfh wkdw N ' 2 +ohjlvodwruv duh hlwkhu pdoh ru ihpdoh, wkdw
rQ  ' rQ + dqg wkdw d sursrvdo lv eorfnhg li wkh frdolwlrq frqwdlqv dw ohdvw rqh ihpdoh dqg
rqh pdoh1 Li doo vxfk frdolwlrqv duh olnho| wr irup/ wkh vhw ri plqlpdo eorfnlqj frdolwlrqv
frqvlvwv ri doo sdluv frpsrvhg zlwk d pdoh dqg d ihpdoh1 Li rq wkh rwkhu kdqg/ ohjlvodwruv
duh dovr glhuhqwldwhg dffruglqj wr ohiw dqg uljkw/ wkhq lw lv uhdvrqdeoh wr dvvxph wkdw rqo|
sdluv ri ohjlvodwruv zlwk wkh vdph lghrorj| irup1 Ohw s  dqg s  wr ghqrwh uhvshfwlyho| wkh
sursruwlrqv ri ohiw ohjlvodwruv lq wkh pdoh dqg ihpdoh srsxodwlrqv dqg dvvxph/ iru wkh vdnh
ri vlpsolflw|/ wkdw s  ? + dqg s  n s  ' 1 Xvlqj Nrqlj*v wkhruhp rq elsduwlwh judskv/ lw
lv hdv| wr vkrz wkdw=
 7  EK '  7 EK '  7 EK '  7  EK ' qs  =
Wklv odvw h{dpsoh lv shfxoldu dv wkh orqj fkdlq ri lqhtxdolwlhv +:, ghjhqhudwhv lqwr d
shuihfw htxdolw|= wkh lqwhjudo dqg iudfwlrqdo kxugoh idfwruv duh htxdo dqg frlqflgh wkhpvhoyhv
zlwk wkh lqwhjudo dqg iudfwlrqdo pdwfklqj qxpehuv1 Fdofxodwlqj wkh pdwfklqj qxpehu lv
txlwh hdv| dv lw dprxqwv wr qg d sduwlwlrq ri wkh vhw ri ohjlvodwruv lqwr wkh odujhvw srvvleoh
qxpehu ri eorfnlqj frdolwlrqv1 Wkhuhiruh/ zkhq wkh deryh htxdolwlhv krog/ wkh fdofxodwlrq ri
wkh kxugoh idfwru ehfrphv yhu| hdv|1 Lqwhuhvwlqjo| hqrxjk/ wkh vdph fkdlq ri htxdolwlhv krog
lq wkh fdvh zkhuh wkh sod|huv duh rughuhg rq d olqh ru d wuhh dqg rqo| frqqhfwhg frdolwlrqv
fdq irup1 D k|shujudsk iru zklfk wklv lv wuxh lv fdoohg qrupdo dqg d qlfh fkdudfwhul}dwlrq
kdv ehhq rewdlqhg e| Orydv} +4<:5, . 1 usduwlwh k|shujudskv duh w|slfdoo| qrw qrupdo zkhq
u  1x Jlyhq d wuhh/ Dorq +5334, kdv suryhg wkdw li lv d froohfwlrq ri vxejudskv ri wkh wuhh/ hdfk kdylqj dw prvw
g frpsrqhqwv/ wkhq    +K,  5g     +K,1 Vhh dovr Orydv} +4<:8e,1
55
H{dpsoh < +Yhwrhuv dqg Roljdufklhv,1 Zkhq zh frqvlghu wkh eorfnlqj k|shujudsk
dwwdfkhg wr d vlpsoh jdph/ wkh iudfwlrqdo dqg lqwhjudo fryhulqj qxpehuv duh olnho| wr eh
odujh qxpehuv zkhq lwv vhw ri hgjhv frqwdlqv pdq| vpdoo frdolwlrqv1 Wklv zloo kdsshq dv
vrrq dv lq wkh vlpsoh jdph/ d frdolwlrq lv zlqqlqj li lw frqwdlqv prvw ri wkh sod|huv1 Wkh
h{wuhph fdvh ri vxfk vlwxdwlrq lv xqdqlplw| dffruglqj wr zklfk d frdolwlrq lv zlqqlqj li lw
frqwdlqv doo wkh ohjlvodwruv1 Lq vxfk fdvh/ dq| vlqjohwrq lv d eorfnlqj frdolwlrq dqg wkhq
   EK '   EK '    EK ' q1 Wkh forvhvw vlwxdwlrq wr xqdqlplw| lv wkh fdvh zkhuh d
frdolwlrq lv zlqqlqj li lw frqwdlqv dw ohdvw q   ohjlvodwruv1 Wklv fdvh kdv ehhq h{whqvlyho|
vwxglhg e| vhyhudo dxwkruv lqfoxglqj Oxfdv +4<99,/ Pdvfkohu +4<96, dqg Rzhq +4<9;,1 Lq
vxfk d fdvh wkh vhw ri eorfnlqj frdolwlrqv frqvlvwv ri wkh vhw ri sdluv ri ohjlvodwruv1 Lq vxfk d
fdvh/ zh rewdlq    EK '   EK '    EK '   1 Krzhyhu/ lq pdq| flufxpvwdqfhv vrph sdluv
fdq eh vlpso| ljqruhg e| oree| 4 dv wkh| duh xqolnho| wr irup iru pxowlsoh uhdvrqv olnh iru
lqvwdqfh lghrorjlfdo glvdjuhhphqw1 Frqvlghu wkh fdvh zkhuh wkh ohjlvodwruv duh orfdwhg lq d
pxowlglphqvlrqdo Hxfolghdq lghrorjlfdo vsdfh dqg ohw g   ghqrwh wkh glvwdqfh ehwzhhq ldqg m1
Lw vhhpv uhdvrqdeoh wr dvvxph wkdw wzr ohjlvodwruv zloo dfw wrjhwkhu l wkhlu glvwdqfh grhv qrw
h{fhhg vrph h{rjhqrxv wkuhvkrog 1 Wkh vhw ri uhohydqw plqlpdo eorfnlqj frdolwlrqv lv wkhq
wkh vhw ri sdluv il> mj vxfk wkdw g    1 Dqrwkhu qlfh looxvwudwlrq lv wkh fdvh ri d elfdphudo
v|vwhp zkhuh wr eh zlqqlqj d frdolwlrq pxvw frqwdlq doo wkh phpehuv ru dw ohdvw rqh ri wkh
wzr fkdpehuv1 Lq vxfk fdvh/ wkh eorfnlqj k|shujudsk frqvlvw ri doo sdluv zlwk rqh phpehu
lq hdfk fkdpehu1 Xqghu wkhvh frqglwlrqv/ wkh eorfnlqj k|shujudsk lv vhw d vxevhw ri wkh vhw
ri sdlu ri yhuwlfhv l1h1 zkdw lv xvxdoo| fdoohg d judsk> lq wkh elfdphudo looxvwudwlrq/ wkh judsk
lv vlpso| wkh frpsohwh elsduwlwh judsk1 Lq wkh fdvh ri d judsk/ wkh odujhvw srvvleoh ydoxh
ri   EK lv   zklfk lv +dv zh kdyh mxvw vhhq, uhdol}hg zkhq wkh judsk lv frpsohwh1 Iurp
wkh srlqw ri ylhz ri pdwfklqjv/ lw fruuhvsrqg wr zkdw lv fdoohg lq judsk wkhru| dv d shuihfw
pdwfklqj1 Li wkhuh lv d shuihfw pdwfklqj/ zh ghgxfh iurp +:, wkdw   EK '   1 Li wkh judsk
lv elsduwlwh/ Kdoo*v wkhruhph surylghv qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh h{lvwhqfh
vxfk d shuihfw pdwfklqj1 Iru dq duelwudu| judsk/ Wxwwh*v ehdxwlixo wkhruhp . dovr surylghv
qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh h{lvwhqfh vxfk d shuihfw pdwfklqj1
Zkhq wkhuh lv qr shuihfw pdwfklqj/ zh fdq vwloo h{soruh wkh vhw ri pd{lpxp pdwfklqjv
dqg rewdlq d orzhu erxqg rq   EK wkurxjk lqhtxdolw| +:,1 Wkh fhoheudwhg Hgprqgv0Jdoodl
Vwuxfwxuh wkhruhp rhuv ghhs lqvljkwv rq wkh vwuxfwxuh ri dq| pd{lpxp pdwfklqj1 Lq rughu
wr pdnh wkh ehvw srvvleoh xvh ri sursrvlwlrq 4 lq vxfk fdvh/ ohw xv vhh krz wkh idplo| ri
edodqfhg froohfwlrqv orrnv olnh khuh1 Lw kdv ehhq ghprqvwudwhg e| Edolqvnl +4<:5, wkdw  lv
  Zh uhihu wkh uhdghu wr Ixuhgl +4<;;, iru wkh wkhruhpv flwhg lq wkh wuhdwphqw ri h{dpsoh 81^x Lw dovr iroorzv iurp wkdw wkhruhp wkdw   +K, @ 5  +K, @   +K,1
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dq h{wuhph srlqw ri wkh sro|wrsh ri iudfwlrqdo pdwfklqjv l wkhuh h{lvwv d froohfwlrq T ri




 li il> mj 5 T> li il> mj ehorqjv wr dq rgg f|foh ri T>
f rwkhuzlvh1
Lq wkh deryh h{dpsohv/ zh kdyh h{dplqhg wkh fryhulqj qxpehuv ri hlwkhu wkh idplo|
ri zlqqlqj ru wkh idplo| ri eorfnlqj frdolwlrqv1 Lq wkh fdvh ri wkh k|shujudsk ri zlqqlqj
frdolwlrqv/ l1h1 zkhq zh zdqw wr fdofxodwh wkh gxdo kxugoh idfwru/ lw wudglwlrqdoo| dvvxphg
wkdw lw lv lqwhuvhfwlqj l1h1 wkdw wkh vlpsoh jdph EQ>Z lv surshu1 Lq vxfk fdvh/ lw vkrxog eh
fohdu iurp zkdw suhfhghv wkdw wkh sdwwhuq ri lqwhuvhfwlrq ri zlqqlqj frdolwlrqv sod|v vrph
uroh lq wkh ghwhuplqdwlrq ri wkh lqwhjudo dqg iudfwlrqdo kxugoh idfwruv1 D fryhu lv d vhw zklfk
lqwhuvhfwv hyhu| hgjh1 Zkhq wkh vlpsoh jdph lv surshu/ wkh vhw ri plqlpdo zlqqlqj frdolwlrqv
lv dq lqwhuvhfwlqj idplo|1 Dq| vhw lq Z lv wkhuhiruh d fryhu1 Wklv lpsolhv wkdw wkh lqwhjudo
fryhulqj qxpehu lv wkhq vpdoohu wkdq Plq ¡£¢>¤ rH1 Wkh nqrzohgjh ri wkh lqwhjudo kxugoh
idfwru surylghv d xvhixo lqirupdwlrq ri wkh vpdoohvw vl}h ri d jurxs ri ohjlvodwruv lq srvlwlrq
wr frqwuro froohfwlyho| wkh ohjlvodwlyh surfhvv1 Zkhq lw lv htxdo wr 4/ zh kdyh wkh idploldu
qrwlrq ri d yhwrhu1 Zkhq wkh qxpehu lv htxdo wr n/ wklv phdqv wkdw wkhuh lv d vxevhw ri n
ohjlvodwruv zklfk lv uhsuhvhqwhg lq dq| zlqqlqj frdolwlrq dqg wkdw qr vxevhw ri vpdoohu vl}h
kdv wklv surshuw|1 Zkhq wkh jdph lv vwurqj/ wkh rswlpdo fryhu lv lwvhoi d zlqqlqj frdolwlrq=
d yhwrhu lv wkhq d glfwdwru1
Dorqj wkhvh olqhv/ wkh iroorzlqj sursrvlwlrq uhodwhv wkh lqwhjudo kxugoh idfwru wr dqrwkhu
nh| sdudphwhu ri d vlpsoh jdph nqrzq dv wkh Qdndpxud*v qxpehu +Qdndpxud +4<:;,,1 Wkh
Qdndpxud*v qxpehu surylghv wkh h{dfw odujhvw srvvleoh ydoxh ri wkh fduglqdolw| ri wkh vhw ri
dowhuqdwlyhv vxfk wkdw wkh fruh ri wkh yrwlqj jdph uhvxowlqj iurp wkh olvw ri zlqqlqj frdolwlrqv
lv qrq0hpsw| iru hyhu| frqfhlydeoh suroh ri suhihuhqfhv1 Wklv sdudphwhu kdv dwwudfwhg d orw
ri dwwhqwlrq lq wkh wkhru| ri yrwlqj dqg frpplwwhhv1
Ghqlwlrq 1 Ohw J ' EQ>Z eh d vlpsoh jdph1 Wkh Qdndpxud*v qxpehu ri J/ lv wkh
lqwhjhu=
EJ '
 Plq ¤¦¥¨§©¤ rZ ª vxfk wkdw= _ «:¢>¤¬¥ V ' B>
n4 li _ «:¢>¤ V 9' B=
Sursrvlwlrq 51 Iru dq| vlpsoh jdph
  EK     EK   n EPlq rV G V 5 K EJ 2 li EJ 9' 4
dqg
  EK '    EK '  li EJ ' 4=
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Surri = Li EJ ? 4/ lw iroorzv iurp wkh ghqlwlrq ri wkh Qdndpxud qxpehu suryh wkdw
wkh froohfwlrq K ri plqlpdo zlqqlqj frdolwlrqv lv d EEJ 0lqwhuvhfwlqj idplo|1 Wkh frq0
foxvlrq iroorzv iurp dq lqhtxdolw| hvwdeolvkhg lq Orydv} +4<:<,1 Li EJ ' 4/ wkhq dq| ilj
zlwk l 5 W  _ «:¢>¤ V lv reylrxvo| dq rswlpdo fryhu1
Wkhuh lv dq reylrxv wudgh0r ehwzhhq wkh qxpehu ri plqlpdo zlqqlqj frdolwlrqv dqg wkh
pdjqlwxgh ri wkh kxugoh idfwruv ­.­ 1 Vxssrvh wkdw wr uh hfw htxlw| dprqj wkh ohjlvodwruv/ doo
plqlpdo zlqqlqj frdolwlrqv duh ri wkh vdph vl}h u l1h1 Z ® lv uxqlirup1 Li zh kdyh pdq|
frdolwlrqv lq Z ® / wkh kxugoh idfwruv duh pruh olnho| wr eh odujh qxpehuv1 Wkh kxugoh idfwruv
duh riwhq yhu| vhqvlwlyh wr wkh dgglwlrq ru wkh ghohwlrq ri d frdolwlrq iurpZ ® 1 Wkhvh sdwwhuqv
fruuhvsrqg wr zkdw kdv ehhq ghqhg deryh dv fulwlfdo k|shujudskv1 Iru lqvwdqfh/ lw lv
hdv| wr fkhfn wkdw wkh k|shujudskv dwwdfkhg wr wkh vlpsoh jdphv lq h{dpsoh 4/ wkh Hugrv0
Orydv}*v vlpsoh jdph lq h{dpsoh 5 dqg wkh f|folf pdmrulw| jdph duh fulwlfdo1 Krz vpdoo
fdq eh d uxqlirup k|shujudsk li zh zdqw wkh fryhulqj qxpehu wr eh dw ohdvw htxdo wr uB
Wr dqvzhu wklv txhvwlrq/ ohw v eh dq lqwhjhu1 D vhw W lv dq vpxowlfryhu ri K lv hlwkhu
rEH _ W   v ru W  H iru doo H 5 K1 D pxowlfryhu ri K lv vlpso| d fryhu ri K1
Wkh vpxowlfryhu qxpehu ri K lv wkh vpdoohvw fduglqdolw| ri dq vpxowlfryhu ri K1 Li K
lv vlqwhuvhfwlqj/ wkhq W lv fdoohg d qrqwulyldo vpxowlfryhu li   rEW _ H ? rH iru
doo H 5 K1 Dv ghqhg hduolhu/ dq ufoltxh lv dq lqwhuvhfwlqj uxqlirup k|shujudsk zklfk
grhv qrw kdyh d qrq0wulyldo fryhu ri vl}h dw prvw u1 Zh fdq dovr frqvlghu wkh idplo| K ¯ °^± ²>³
ri uxqlirup k|shujudskv K zklfk duh lqwhuvhfwlqj dqg vxfk wkdw    EK '  zkhuh  lv d
jlyhq lqwhjhu ohvv wkdq ru htxdo wr u1 Li zh ghqrwh e| pEu wkh plqlpxp qxpehu ri hgjhv lq
dq ufoltxh dqg e| qEu wkh plqlpxp qxpehu ri hgjhv iru d k|shujudsk lq K ¯ °^± °³ / lw fdq eh
vkrzq wkdw=
u  pEu  u ´ iru doo u  e
dqg
H
u    qEu iru doo u dqg qEt n   etstOrj t li t lv d sulphsrzhu1
Wklv phdqv wkdw iru doo u wkhuh h{lvw vpdoo ufoltxhv dqg vpdoo uxqlirup k|shujudskv
zlwk dq lqwhjudo kxugoh idfwru htxdo wr u exw dovr wkdw vrph plqlpdo fulwlfdo qxpehu ri
hgjhv duh qhfhvvdu| iru wkh surshuwlhv wr eh ixooohg1 I uhgl +4<;;, uhsruwv pdq| uhvxowv
ghvfulelqj vrph ri wkh surshuwlhv ri fulwlfdo k|shujudskv dqg vshflf idplolhv ri k|shujudskv1
Iru lqvwdqfh/ kh suhvhqwv dq xsshu erxqg rq wkh fduglqdolw| ri vpxowlfryhu zkhq wkh
µµ Vhh Lg}ln/ Ndwrqd dqg Yrkud +5334, iru dq h{sorudwlrq ri wkh lqwhuvhfwlqj edodqfhg idplolhv ri vhwv1
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k|shujudsk lv d v|pphwulf Eu> ghvljq ­^¶ / dq xsshu erxqg rq wkh qxpehu ri yhuwlfhv ri dq
duelwudu| fulwlfdo uxqlirup k|shujudsk dqg dq xsshu erxqg rq wkh qxpehu ri hgjhv ri
dq duelwudu| fulwlfdo k|shujudsk ri udqn u1
Dv douhdg| srlqwhg rxw/ wkh ghulydwlrq ri wkh lqwhjudo ru iudfwlrqdo kxugoh idfwruv lv riwhq
lqwulfdwh1 Wkh fkdlq ri lqhtxdolwlhv surylghv erxqgv zklfk duh vrphwlphv yhu| urxjk dv
looxvwudwhg iru lqvwdqfh e| h{dpsoh 41 Lw lv ri lqwhuhvw wr h{soruh li wkh fdofxodwlrq ri wkh
lqwhjudo dqg iudfwlrqdo pdwfklqj qxpehuv khosv lq surylglqj ghfhqw erxqgv rq wkh lqwhjudo
dqg iudfwlrqdo kxugoh idfwruv dqg li/ ehvlghv wkh lqhtxdolw|/ wkh uhodwlrqvklsv ehwzhhq wkh
lqwhjudo dqg iudfwlrqdo kxugoh idfwruv fdq eh vkdushqhg lq vrph fdvhv1
Zh frqfoxgh wklv vhfwlrq e| uhsruwlqj rq d vdpsoh ri xvhixo uhvxowv dqvzhulqj wkhvh
txhvwlrqv1 Orydv} +4<:7,+4<:8e, kdv ghprqvwudwhg wkdw li K lv dq usduwlwh k|shujudsk/
wkhq    EK  °    EK dqg li K lv d k|shujudsk ri udqn u/ wkhq=
  EK
2  EK  u2 >  ° EKu  EK  2 u   >  
· EK
n  EK   n u  n iru doo lqwhjhu n=
Iudqno dqg I uhgl +4<;9, kdyh ghprqvwudwhg wkdw li K lv 2zlvh vlqwhuvhfwlqj k|shu0
judsk ri udqn u glhuhqw iurp d v|pphwulf Eu> ghvljq wkhq=
  EK  u  v n u  u  vuEu  v=
Orydv} +4<:8d, kdv ghulyhg wkh iroorzlqj orzhu erxqg rq wkh udwlr ri wkh kxugoh idfwruv=
  EK
   EK   n OrjGEK =
Zkhq zh dsso| wklv lqhtxdolw| wr wkh vlpsoh pdmrulw| jdphv lq h{dpsoh 4/ zh rewdlq
  EK
   EK   n F S¸ ¹<º:»¼ *

 n qOrj 2 =
Ilqdoo|/ vrph uhvxowv kdyh ehhq hvwdeolvkhg ehwzhhq wkh fryhulqj dqg pdwfklqj qxpehuv1
Iru lqvwdqfh/ Dkdurql/ Hugrv dqg Olqldo +4<;8, kdyh ghprqvwudwhg wkdw iru dq| k|shujudsk
K=
   EK  E  EK q ® ¸ ½p¾ E  EK  
E  EK 
q =
dqg







   EKqOrj ½p¾s À3Á » ¯ ¾ ³ 
,
li rK Ahs   EKq>
rK li rK hs   EKq>
µÂ Erurv/ Fdur/ I uhgl dqg \xvwhu +5334, ghprqvwudwh wkdw iru qrq0xqlirup k|shujudskv/ wkh pd{lpxp
fduglqdolw| ri dq rswlpdo fryhu lv ohvv wkdq 4=<;sq +4 .R+4,,1
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zkhuh h * 2=.H dv xvxdo1 Wr frqfoxgh/ ohw xv phqwlrq wkdw wkh U|vhu*v frqmhfwxuh fodlpv
wkdw li K lv usduwlwh wkhq=
   EK  Eu     EK=
Lw krogv wuxh iru u ' 2 dqg u '  +Dkdurql +5334,, exw wkh sureohp lv vwloo zlgh rshq iru
u  e1
715 Zhljkwhg pdmrulw| Jdphv
Lq wklv vhfwlrq/ zh irfxv rq wkh lpsruwdqw fodvv ri zhljkwhg pdmrulw| jdphv1 D vlpsoh jdph
lv d zhljkwhg pdmrulw| jdph li wkhuh h{lvwv d yhfwru $ ' E$  > =======> $  > t ri Eq n  qrqqhjdwlyh qxpehuv vxfk wkdw d frdolwlrq V lv lq Z l S  ¢2« $   t> $  A f lv wkh zhljkw
dwwdfkhg wr ohjlvodwruÃ[Ä l1 Wkh yhfwru $  E$  > ====> $   lv fdoohg d uhsuhvhqwdwlrq ri wkh vlpsohjdph1 Lw lv lpsruwdqw wr qrwh wkdw wkh vdph jdph pd| dgplw vhyhudo uhsuhvhqwdwlrqv1 D
vlpsoh jdph lv krprjhqhrxv li wkhuh h{lvwv d uhsuhvhqwdwlrq $ vxfk wkdw S  ¢3« $  ' S  ¢>Å $ 
iru doo V> W 5 Z ® 1 Wklv uhsuhvhqwdwlrq lv fdoohg wkh krprjhqhrxv uhsuhvhqwdwlrq ri wkh
vlpsoh jdph dv Lvehoo +4<89, Ã.Æ kdv ghprqvwudwhg wkdw dq krprjhqhrxv vlpsoh jdph dgplwv
d xqltxh +xs wr pxowlsolfdwlrq e| d frqvwdqw, 1 Wkh krprjhqhrxv uhsuhvhqwdwlrq $ iru
zklfkS  ¢CÇ $  '  lv fdoohg wkh krprjhqhrxv qrupdol}hg uhsuhvhqwdwlrq dqg d krprjhqhrxv
uhsuhvhqwdwlrq $ iru zklfk $  lv dq lqwhjhu iru doo l 5 Q lv fdoohg dq lqwhjudo uhsuhvhqwdwlrq1
Frqvlghu dq duelwudu| frrshudwlyh jdph zlwk wudqvihudeoh xwlolw| EQ>Y  dqg ohw { 5 [  | 5 ?  È G S ¨É  |  ' Y EQ1 Ohw E{ eh wkh 2  glphqvlrqdo yhfwru ÃÊ zkrvh frpsrqhqwv duh
wkh qxpehuv Y EV  S  ¢2« {  duudqjhg dffruglqj wr wkhlu pdjqlwxgh l1h1 E{  E{ iru
  l  m  2  1 Wkh qxfohroxv ri EQ> Y  lv wkh xqltxh yhfwru {  5 [  vxfk wkdw E{   lvwkh plqlpxp/ lq wkh vhqvh ri wkh oh{lfrjudsklf rughu/ ri wkh vhw iE| G | 5 [  j1 Wkh ohdvwfruh Ã^Ë lv wkh vxevhw ri [  frqvlvwlqj ri wkh yhfwruv { vxfk wkdw   E{ '   E{  1 Lw zloo ehghqrwhg OFEY>Q> e| frqvwuxfwlrq {  5 OFEY>Q
Wr dq| vlpsoh jdph/ zh dwwdfk wkh frrshudwlyh jdph zlwk wudqvihudeoh xwlolw| EQ> Y 
ghqhg dv iroorzv=
Y EV '
  li V 5 Z>
f li V @5 Z=
µ^Ì Lq pdq| dssolfdwlrqv/ lw lv pruh uhohydqw +li sduw| glvflsolqh lv vwurqj, wr dvvxph wkdw wkh sod|huv lq wkh
ohjlvodwxuh duh wkh glhuhqw sduwlhv wr zklfk wkh ohjlvodwruv ehorqj udwkhu wkdq wkh ohjlvodwruv wkhpvhoyhv > lq
vxfk fdvh/ $ Í ghqrwhv wkh qxpehu ri ohjlvodwruv d!oldwhg wr sduw| l1µ^Î Vhh dovr wkh jhqhudol}dwlrq e| Rvwpdqq +4<;:,1µ^Ï Wklv yhfwru lv fdoohg wkh yhfwru ri h{fhvvhv dwwdfkhg wr {1µÐ Wklv qrwlrq zdv uvw lqwurgxfhg e| Pdvfkohu/ Shohj dqg Vkdsoh| +4<:<,1
5:
Lq vxfk fdvh/ rqo| plqlpdo zlqqlqj frdolwlrqv pdwwhu lq %plqlpl}lqj% wkh yhfwru ri h{0
fhvvhv1 Wkh ohdvw fruh frqvlvwv lq wkh vxevhw ri yhfwruv { vxfk wkdw




zkhuh V   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1 Ohw=
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Wkh iroorzlqj vlpsoh dvvhuwlrq krogv wuxh iru dq| vlpsoh jdph1
Sursrvlwlrq 71 Ohw EQ>Z eh d vlpsoh jdph1 Wkhq/   EZ ' Õ$Ö =
Surri = E| ghqlwlrq ri F  / wkhuh h{lvwv | 5 ?  È vxfk wkdw=
[
¨É 
|  '  dqg [
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|   F  iru doo V 5 Z ® =
Wkhuhiruh wkh yhfwru } vxfk wkdw }   Ñ/×Õ Ö iru doo l ' > ======> q yhulhv=
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lpso|lqj wkdw   EZ  Õ$Ö 1
Dvvxph wkdw   EZ ? Õ$Ö 1 Wklv phdqv wkdw wkhuh h{lvw d yhfwru } 5 ?  È vxfk wkdw=
[
¨É 
}  '   EZ dqg [
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}    iru doo V 5 Z ® =
Wkhuhiruh wkh yhfwru | vxfk wkdw |   Ø ×² Ö ¯ ¤ ³ iru doo l ' > ======> q yhulhv=
[
¨É 
|  '  dqg [
 ¢2«
|     EZ iru doo V 5 Z ® =
Vlqfh ² Ö ¯ ¤ ³ A F  / wklv frqwudglfwv rxu ghqlwlrq ri F  =
Wkh surri lv dovr txlwh lqvwuxfwlyh e| lwvhoi dv lw dovr ghprqvwudwhv wkdw wkh vhw ri rswlpdo
iudfwlrqdo fryhuv ri EQ>Z lv/ xs wr d glylvlrq e| F  / wkh ohdvw fruh ri wkh jdph lqgxfhg e|
wkh vlpsoh jdph1 Vlqfh wkh vhw ri rswlpdo iudfwlrqdo fryhuv lv/ xs wr wkh pxowlsolfdwlrq e|
Z Ù / wkh vhw ri rhuv wr ohjlvodwruv pdgh e| oree| 4 dw htxloleulxp/ wkh ohdvw fruh surylghv d
frpsohwh fkdudfwhul}dwlrq ri wkh htxloleulxp ehkdylru ri oree| 41
5;
Sursrvlwlrq 7 udlvhv d qxpehu ri txhvwlrqv1 Iluvw/ lv lw vlpsoh wr fdofxodwh wkh txdqwlw|
iru vrph sduwlfxodu idplolhv ri vlpsoh jdphvB Vhfrqg/ krz wkh ohdvw fruh orrnv olnh l1h1 krz
duh wuhdwhg wkh glhuhqw ohjlvodwruvB Zh dqvzhu wkhvh txhvwlrqv zkhq EQ>Z lv d zhljkwhg
pdmrulw| jdph
Shohj +4<9;, kdv ghprqvwudwhg Ú.Û wkdw wkh qrupdol}hg krprjhqhrxv uhsuhvhqwdwlrq ri dq
krprjhqhrxv vwurqj zhljkwhg pdmrulw| jdph EQ>Z frlqflghv zlwk wkh qxfohroxv { ri EQ>Y 1
Vlploduo|/ wkh lqwhjudo uhsuhvhqwdwlrq ri wkh qxfohroxv +zklfk lv zhoo ghqhg, lv wkh plqlpxp
uhsuhvhqwdwlrq ri wkh jdph l1h1 wkh xqltxh plqlpdo lqwhjudo uhsuhvhqwdwlrq ri wkh jdph1
Vlqfh wkh qxfohroxv lv dq hohphqw ri wkh ohdvw fruh/ sursrvlwlrq 7/ frpelqhg zlwk Shohj*v
uhvxow/ surylghv d qlfh dqg vlpsoh zd| wr fdofxodwh   EZ iru vwurqj krprjhqhrxv zhljkwhg
pdmrulw| jdphv1 Wkh wdvn dprxqwv wr glvfryhu wkh zhljkw ri hdfk plqlpdo zlqqlqj frdolwlrq
lq wkh qrupdol}hg krprjhqhrxv uhsuhvhqwdwlrq1 Iru lqvwdqfh/ wkh zhljkwhg pdmrulw| jdph
uhvxowlqj iurp d ohjlvodwxuh zlwk 7 sduwlhv zkhuh wkh qxpehu ri uhsuhvhqwdwlyhv ri hdfk sduw|
lv ghvfulehg e| wkh yhfwru $ ' Eeb> .> .> . lv h{dfwo| wkh dsh{ jdph frqvlghuhg lq h{dpsoh
51 Lw lv hdv| wr vhh wkdw wkh qrupdol}hg krprjhqhrxv uhsuhvhqwdwlrq lv khuh  ´ > ´ > ´ > ´ 1 Lw
iroorzv wkdw   EZ ' ´Ü 1
Wkh wdvn lv krzhyhu pruh lqwulfdwh zkhq wkh vlpsoh jdph lv qrw krprjhqhrxvÝ.Þ 1 Shohj
kdv dovr suryhg wkdw wkh plqlpdo lqwhjudo uhsuhvhqwdwlrq ri wkh qxfohroxv lv d plqlpdo lqwhjudo
uhsuhvhqwdwlrq ri wkh jdph li vrph frqglwlrq lv ixooohg/ dqg kdv glvsuryhg e| phdqv ri d
frxqwhuh{dpsoh ri vl}h 45 wkdw wkh dvvhuwlrq krogv wuxh lq jhqhudo1 Kh dvnv zkhwkhu wklv
dvvhuwlrq krogv wuxh zkhq wkh vlpsoh jdph kdv d plqlpxp lqwhjudo uhsuhvhqwdwlrq1 Wklv
frqmhfwxuh kdv ehhq glvsuryhg e| Lvehoo +4<9<, e| phdqv ri d frxqwhuh{dpsoh ri vl}h 4<1
Wkhuhiruh/ zlwklq wkh fodvv ri qrq krprjhqhrxv zhljkwhg pdmrulw| jdphvÝ<ß / wkh uhodwlrqvkls
ehwzhhq wkh qxfohroxv +dqg wkhq fryhulqj, dqg wkh vhw ri plqlpdo uhsuhvhqwdwlrqv lv ohvv
wudqvsduhqw1 Lq vxfk d fdvh/ wkh frpsxwdwlrq ri   EZ fdq h{sorlw wkh jhqhudo dojrulwkpv
zklfk kdyh ehhq ghyhorshg wr fdofxodwh wkh qxfohroxv1
Dv douhdg| srlqwhg rxw/ Ehvlghv wkh nqrzohgjh ri   EZ/ lw lv ri lqwhuhvw wr nqrz krz
wkh dprxqw ri prqh|   EZZ Ù lv doorfdwhg dfurvv ohjlvodwruv ru sduwlhv1 Wklv txhvwlrq lv ri
frxuvh yhu| lpsruwdqw dv zh zrxog olnh wr nqrz zkdw duh wkh fkdudfwhulvwlfv ri ohjlvodwru l
+sduwlhv, ehvlghv   zklfk ghwhuplqh wkh %sulfh% ri wkdw ohjlvodwru iurp wkh shuvshfwlyh ri
µ^à Vhh dovr/ Shohj dqg Urvhqp oohu +4<<5,1Âá Vhyhudo dxwkruv lqfoxglqj dprqj rwkhuv +Rvwpdqq +4<;:,/ Shohj dqg Urvhqpxoohu +4<<5,/ Urvhqpxoohu
+4<;:, dqg Vxgkùowhu +4<<9,, kdyh lqyhvwljdwhg wkh fodvv ri krprjhqhrxv zhljkwhg pdmrulw| jdphv zklfk duh
qrw qhfhvvdulo| vwurqj1 Vxgkùowhu kdv lqwurgxfhg d qrwlrq ri qxfohroxv +fdoohg wkh prglhg qxfohroxv, zklfk
lv d uhsuhvhqwdwlrq ri wkh jdph zkhq lw lv krprjhqhrxv1Ââ Wkh txhvwlrq ehfrphv hyhq pruh frpsolfdwhg zkhq zh pryh rxwvlgh wkh zruog ri zhljkwhg vlpsoh jdphv1
dv h{hpsolhg e| wkh fdofxodwlrq ri wkh qxfohroxv ri frpsrxqg vlpsoh jdphv + Phjjlgr +4<:7,,1
5<
oree| 4 +lq idfw/ rq wkh pdunhw iru yrwhv zkhuh wkh wzr oreelhv frpshwh,1 Wklv zloo kdyh wr gr
zlwk wkh srvlwlrq ri l lq wkh vhw ri plqlpdo zlqqlqj frdolwlrqvÝã 1 Lq d zhljkwhg pdmrulw| jdph/
zh h{shfw lqwxlwlyho| wklv sulfh wr eh srvlwlyho| fruuhodwhg wr wkh zhljkw ri wkh ohjlvodwru/ li
qrw hyhq h{dfwo| sursruwlrqdo wr wkdw zhljkw1 Zh kdyh mxvw vhhq wkdw wklv lqwxlwlrq lv fruuhfw
lq wkh fdvh ri krprjhqhrxv zhljkwhg pdmrulw| jdph +iru dq dssursuldwh yhfwru ri zhljkwv,
exw wkdw wkh h{dfw uhodwlrqvkls ehwzhhq zhljkwv dqg sulfh lv ohvv fohdu rwkhuzlvh1 Dw ohdvw
txdolwdwlyho|/ iru dq| rhu { lq wkh ohdvw fruh/ wkh sulfh lv d qrq ghfuhdvlqj ixqfwlrq ri wkh
zhljkw1 Lqghhg/ dvvxph rq wkh frqwudu| wkdw ohjlvodwruv l dqg m duh vxfk wkdw $   $  / wkhuh
h{lvwv dw ohdvw d plqlpdo frdolwlrq V frqwdlqlqj l exw qrw m Ý Ú dqg {  A { 1 Revhuyh wkdw iru
dq| plqlpdo frdolwlrq V frqwdlqlqj l exw qrw m/ wkhuh h{lvwv d plqlpdo zlqqlqj frdolwlrq W
frqwdlqlqj m exw qrw l dqg vxfk wkdw Wq ilj lv frqwdlqhg lq V1 Frqvlghu U ' EVq ilj ^ imj
Hlwkhu U lv plqlpdo dqg wkhq vhw W ' U 1 Ru U lv qrw plqlpdo1 Vlqfh V zdv zlqqlqj/ U lv
zlqqlqj dqg vlqfh V zdv plqlpdo/ dq| plqlpdo zlqqlqj frdolwlrq frqwdlqhg lqUpxvw frqwdlq
m1 Ohw V eh wkh idplo| ri frdolwlrqv V vxfk wkdw Plqä ¢>¤ Ó S · ¢ ä { · ' S · ¢2« { · 1 Zh fodlpÝ.Ý wkdwwkhuh h{lvw dw ohdvw rqh frdolwlrq V 5 V frqwdlqlqj l1 Lqghhg dvvxph rq wkh frqwudu| wkdw
l @5 eQ  ^ «?¢æå V dqg ohw | 5 V  eh wkh yhfwru vxfk wkdw | · ' { · n çè iru doo n 5 eQ dqg |  ' {  %zkhuh % lv d vpdoo srvlwlyh qxpehu +zklfk lv zhoo ghqhg vlqfh {  A f,1 Zh ghgxfh iurp
wklv frqvwuxfwlrq wkdw Plqä ¢>¤ÔÓ
S · ¢ ä | · A Plqä ¢C¤ÔÓ S · ¢ ä { · frqwudglfwlqj rxu dvvxpswlrq wkdw {
dq hohphqw ri wkh ohdvw fruh ri wkh vlpsoh jdph1 Frqvlghu V 5 V frqwdlqlqj l dqg W 5 Z ®
frqwdlqlqj m exw qrw l dqg vxfk wkdw Wq ilj lv frqwdlqhg lq V 1 Vlqfh {  A { zh ghgxfh qrwhS · ¢>Å { · ? S · ¢2« { · frqwudglfwlqj rxu dvvxpswlrq wkdw V 5 V1
Sursrvlwlrq 7 hvwdeolvkhv dq %xqh{shfwhg% frqqhfwlrq ehwzhhq wkh ohdvw fruh zklfk kdv
ehhq ghyhorshg lq frrshudwlyh jdph wkhru| dqg wkh vhw ri htxloleulxp prqhwdu| rhuv lq
wklv qrq frrshudwlyh jdph1 Wkh h{sorudwlrq ri wkh ohdvw fruh ri wkh vlpsoh jdph uhyhdov doo
zkdw zh h{shfw wr glvfryhu derxw wkh sd|rv ri wkh ohjlvodwruv lq wkh oree|lqj jdph1 Zh
nqrz wkdw wkh qxfohroxv lv rqh ri wkrvh exw dv zh zloo vhh wkh ohdvw fruh pd| dovr frqwdlq
Â^é Wkh sdwwhuq ri wkhvh srvlwlrqv ghqhv/ lq vrph vhqvh/ wkh srzhu ri ohjlvodwru l1 Wkhuh lv dq h{whqvlyh
olwhudwxuh rq wkh phdvxuhphqw ri wkh srzhu ri sod|huv lq vlpsoh jdphv zlwk d surplqhqw sodfh rffxslhg
e| wkh Edq}kdi *v lqgh{ +4<98,+4<9;, dqg wkh Vkdsoh|0Vkxeln *v lqgh{ +4<87,1 Wkh ylhz wkdw dq| ri wklv
rqh glphqvlrqdo phdvxuh ri srzhu khosv lq suhglfwlqj wkh sd|rv ri ohjlvodwruv lq vwudwhjlf hqylurqphqwv
zkhuh wkhlu yrwhv fdq eh erxjkw kdv ehhq glvsxwhg e| vhyhudo dxwkruv +vhh iru lqvwdqfh Vq|ghu/ Wlqj dqg
Dqvrodehkhuh +5338, lq wkh frqwh{w ri d ohjlvodwlyh edujdlqlqj prgho,1Âµ Li wkh jdph lv vxfk wkdw dq| plqlpdo frdolwlrq frqwdlqlqj l frqwdlqv m/ wkhq wkh fodlp lv idovh1 Wkh
wzr ohjlvodwruv duh htxdoo| ghvludeoh dqg wkhuh duh vlpsoh jdphv zkhuh vrph lpsxwdwlrqv ri wkh ohdvw fruh
+reylrxvo| qrw doo, wuhdw glhuhqwo| vxfk sod|huv1 Pdvfkohu dqg Shohj +4<99, kdyh vkrzq wkdw li wzr sod|huv
duh htxdoo| ghvludeoh/ wkhq wkhuh h{lvwv d uhsuhvhqwdwlrq zkhuh wkh| kdyh wkh vdph zhljkw zkloh Odslgrw
+4<:5, kdv ghprqvwudwhg wkdw wkh frxqwlqj yhfwru ghwhuplqhv wkh jdph xqltxho|1ÂÂ Dq lpsruwdqw uhvxow gxh wr Nrkoehuj +4<:4, surylghv pruh suhflvh lqirupdwlrqv rq wkh idplo| V1
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vrph rwkhu yhfwruv1 Lw lv reylrxv wkdw ohjlvodwruv zkr duh gxpplhv zloo qhyhu uhfhlyh dq|
rhu iurp wkh oreelhv1 Krzhyhu/ dv looxvwudwhg wkurxjk vrph ri wkh iroorzlqj h{dpsohv/ wkhuh
duh vlwxdwlrqv zkhuh ohjlvodwruv zkr duh qrw gxpplhv gr qrw uhfhlyh dq| rhu1
H{dpsoh 431 Wkh vlpsoh jdph frqvlghuhg lq h{dpsoh 6 lv d zhljkwhg pdmrulw| jdph>
$ ' E2> >  lv d uhsuhvhqwdwlrq1 Lw lv hdv| wr vhh wkdw wkh fruh +dqg wkhuhiruh wkh ohdvw fruh
dqg wkh qxfohroxv, lv htxdo wr wkh yhfwru E> f> f1 Wkh uvw ohjlvodwru jhwv doo wkh prqh|
ghvslwh wkh idfw qhlwkhu ohjlvodwru 5/ qru ohjlvodwru 6 lv d gxpp|1 Ohjlvodwru 4 qhhgv rqh
ri wkhp wr sdvv ru wr eorfn +ghshqglqj xsrq wkh lqwhusuhwdwlrq ri wkh k|shujudsk, wkh
sursrvdo1 Ohjlvodwruv 5 dqg 6 duh krzhyhu shuihfw vxevwlwxwhv dqg lq h{fhvv vxsso| rq wklv
pdunhw1 Wkhlu lqwhuqdo frpshwlwlrq gulyhv grzq wkhlu sulfh wr 31 Qrwh rwkhuzlvh wkdw wklv
jdph lv qrw vwurqj dqg wkhuhiruh Shohj*v wkhruhp grhv qrw dsso|1 Lq idfw wkh qxfohroxv lv qrw
d uhsuhvhqwdwlrq ri wkh jdph zkloh wkh prglhg qxfohroxv E  > ê > ê  lv vr1
H{dpsoh 44 +Yhfwru Zhljkwhg Pdmrulw| Jdphv,1 Lq pdq| vlwxdwlrqv/ wkh w|sh
ri d ohjlvodwru/ ghqhg e| d yhfwru ri wudlwv ru dwwulexwhv/ lv dq lpsruwdqw sdudphwhu lq wkh
h{solflw ghvfulswlrq ri zlqqlqj ru eorfnlqj frdolwlrqv= iru lqvwdqfh/ wkh w|sh ri d ohjlvodwru
pd| frqvlvw ri wkh fkdpehu wr zklfk kh ehorqjv +lq d pxowlfdphudo v|vwhp,/ lwv jhqghu/
lwv jhrjudsklf duhd +hdvw/ zhvw/ qruwk/ vrxwk,/ dqg vr rq1 Ohw xv dvvxph wkdw wkhuh duh N
pxwxdoo| h{foxvlyh srvvleoh w|shv dqg ghqrwh e| q · wkh qxpehu ri ohjlvodwruv ri w|sh n1 D
frdolwlrq lv d Nwxsoh ri lqwhjhuv p  Ep  > ======> p ë  zkhuh p ·  q · iru doo n ' > =====> N=
Zh frqvlghu wkh vhwwlqj zkhuh wkhuh h{lvw M yhfwruv d  > =====> d ë > e  5 ? ë È È vxfk wkdw d
frdolwlrq p lv zlqqlqj l=
ë[
· É 
d  · p ·  e iru m ' > ======> M=
Wklv iudphzrun jhqhudol}hvÝ[ì wkh frqfhsw ri zhljkwhg pdmrulw| jdph= lq wkh fdvh ri
d vwurqj zhljkwhg pdmrulw| jdph/ wkh vhw ri glhuhqw zhljkwv lv wkh vhw ri w|shv/ M ' /
d ' E> > ====>  dqg
e '
m íïîðSñ.ðSò  ñ^ó`ñ n n Ýô 1 Wkh plqlpdo zlqqlqj frdolwlrqv duh wkh orzhu yhuwlfhv ri wkh
sro|khgurq ghvfulehg e| wkh deryh lqhtxdolwlhv dqg wkh k|shufxeh
ë\
· É 
if> > ====q · j1 Zh
looxvwudwh wkh fdofxodwlrq ri wkh kxugoh dqg gxdo kxugoh idfwruv dqg wkh ohdvw fruh lq wkh
iroorzlqj vshflf fdvh zklfk ghvfulehv wkh X1V1 ihghudo ohjlvodwlyh v|vwhpÝ[õ 1 Ohw N ' e>Â^Ì Wd|oru dqg ]zlfnhu +4<<<, fdoo yhfwru zhljkwhg jdphv vxfk vlpsoh jdphv1 Dprqj wkh uhdo zruog yrwlqj
v|vwhpv zklfk duh yhfwru0zhljkhg/ zh fdq flwh wkh v|vwhp wr dphqg wkh Fdqdgldq frqvwlwxwlrq dqg wkh
glhuhqw ghflvlrq uxohv iru wkh frxqflo ri plqlvwhuv ri wkh HX olnh wkrvh suhvfulehg e| wkh wuhdw| ri Qlfh1Â^Î e{f ghqrwhv wkh lqwhjhu sduw ri {=Â^Ï Wklv uhsuhvhqwdwlrq ri wkh X1V1 ihghudo ohjlvodwlyh v|vwhp dsshduv lq Wd|oru dqg ]zlfnhu +4<<<,1
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M ' 2/ d  ' f> >  >
Ü.Ü
  > d  ' E> f> f> .2/ e  ' S./ e  ' 2bf/ q  ' eD> q  ' ff> q Ü '  dqg
q ê '  1 Wklv vlpsoh jdph uhsuhvhqwv d elfdphudo v|vwhp +wkh krxvh ri uhsuhvhqwdwlyhv dqg
wkh vhqdwh, zlwk wzr dgglwlrqdo sod|huv= wkh ylfh suhvlghqw dqg wkh suhvlghqw1 D frdolwlrq lv
zlqqlqj li hlwkhu lw frqwdlqv pruh wkdq kdoi wkh krxvh dqg pruh wkdq kdoi wkh vhqdwh +zlwk
wkh ylfh suhvlghqw sod|lqj wkh uroh ri wlh0euhdnhu lq wkh vhqdwh,/ wrjhwkhu zlwk wkh vxssruw
ri wkh suhvlghqw ru wzr0wklugv ri erwk wkh krxvh dqg wkh vhqdwh wr ryhuulgh d yhwr e| wkh
suhvlghqw,1 Wkh sureohp ri ghwhuplqdwlrq ri wkh ohdvw fruh uhgxfhv wr wkh plqlpl}dwlrq ri
eD{  n ff{  n{
Ü
n { ê zlwk uhvshfw wr E{  > {  > {
Ü
> { ê  5 ? ê È xqghu wkh frqvwudlqwv=
2H{  n Df{  n {
Ü
n { ê  
2H{  n D{  n { ê  
2bf{  n S.{   =
Qrwh wkdw li {
Ü
n { ê ' f/ wkhq wkh uhohydqw lqhtxdolw| lv 2H{  n Df{   1 Vlqfhê Ü ´ ö * =bbDe ?  ÙÙ´ Ù ' 2/ wkh plqlpxp lv rewdlqhg lq   ö > f ohdglqj wr wkh ydoxh =bbDe1 Li
lqvwhdg {
Ü
n { ê A f/ wkhq wkh lqhtxdolwlhv 2bf{  n S.{    dqg 2H{  n Df{  n { Ü n { ê  
duh wkh uhohydqw lqhtxdolwlhv iru wkh wzr uhpdlqlqj yduldeohv/ dv wkh vorsh ri wkh remhfwlyh lv e=D dqg wkh vorshv dwwdfkhg wr wkhvh frqvwudlqwv duh uhvshfwlyho|  e=S dqg  e= zkloh
wkh vorsh ri wkh vhfrqg rqh lv  e=2./ lq wkh wzr0glphqvlrqdo vsdfh fruuhvsrqglqj wr wkh
yduldeohv {  dqg {  1 Li {
Ü
' f/ wkhq { ê ' .2{  n .{  dqg wkh remhfwlyh wr eh plqlpl}hg lv
Df.{  n.{  1 Wkh plqlpxp lv rewdlqhg iru {  ' f dqg {  ' ÷[ø ohdglqj wr { ê '  ´ Ù÷[ø '  ø÷/ø 1
Li {
Ü
A f/ wkhq surfhhglqj dv deryh/ zh rewdlq wkdw {  ' f/ {  ' ÷/ø dqg {
Ü
n{ ê '  ø÷[ø 1 Vlqfh/
wkh orzhu erxqg rq { ê lv   ´ ÷[ø '  ÷÷[ø / zh rewdlq wkdw wkh xsshu erxqg rq { Ü lv ÷/ø 1 Iru
dq| vxfk vroxwlrq/ wkh ydoxh ri wkh surjudp lv . ø÷/ø * =.eS ? =bbDe1 Zh kdyh mxvw suryhg
wkdw wkh gxdo kxugoh idfwru ri wkh XV ihghudo ohjlvodwlyh jdph lv =.eS dqg wkdw wkh ohdvw
fruh lv d rqh glphqvlrqdo frqyh{ vhw qdpho| wkh frqyh{ kxoo ri wkh yhfwruv f> ÷[ø > ÷/ø >  ÷÷/ø  dqgf> ÷[ø > f>  ø÷[ø 1 Lqwhuhvwlqjo|/ wkh phpehuv ri wkh krxvh gr qrw jhw dq| rhu ghvslwh wkh idfw
wkdw wkhuh duh qrw gxpplhv dqg wkh rhu pdgh wr wkh suhvlghqw lv durxqg 49 wlphv odujhu
wkdq wkh rhu pdgh wr dq| vlqjoh vhqdwru ru wr wkh ylfh suhvlghqw +li dq|,1
Ohw xv qrz orrn dw wkh X1V1 ihghudo ohjlvodwlyh jdph iurp wkh srlqw ri ylhz ri wkh eorfnlqj
frdolwlrqv l1h1 dw wkh kxugoh idfwru1 Lw lv hdv| wr vhh wkdw wkh plqlpdo eorfnlqj frdolwlrqv
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Ep  >p  > p
Ü
>p ê  duh wkh iroorzlqj=
p  ' eS> p  ' p
Ü
' f> p ê ' 
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e> p
Ü
' f> p ê ' 
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Ü
' p ê ' f
p  ' D> p  ' p
Ü
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p  ' Df> p
Ü
' > p  ' p ê ' f=
Lq vxfk fdvh/ zh rewdlq wkdw wkh ohdvw fruh frqvlvwv ri wkh xqltxh yhfwru   ö > ´  > ´  >  ø´  
+zklfk lv wkh qxfohroxv, dqg wkdw wkh kxugoh idfwru lv dssur{lpdwho| e= Ý.ù =
H{dpsoh 45 +Wkh Xqlwhg Qdwlrqv Vhfxulw| Frxqflo,1 Wkh yrwhuv duh wkh D frxq0
wulhv wkdw pdnh xs wkh vhfxulw| frxqflo/ D ri zklfk duh fdoohg shupdqhqw phpehuv zkhuhdv
wkh rwkhu f duh fdoohg qrqshupdqhqw phpehuv1 Sdvvdjh uhtxluhv wr wrwdo ri dw ohdvw b yrwhv/
vxemhfw wr dssurydo iurp dq| rqh ri wkh D shupdqhqw phpehuv1 Lw lv hdv| wr vkrz wkdw
wklv vlpsoh jdph lv d zhljkwhg pdmrulw| jdph= dvvljqlqj d zhljkw ri . wr hdfk shupdqhqw
phpehu/ d zhljkw ri  wr dq| qrqshupdqhqw phpehu dqg d txrwd htxdo wr b surylghv d
uhsuhvhqwdwlrq1 Li oree| 4 dfwv wr sdvv d uhirup +khuh d uhvroxwlrq,/ wkh sureohp ri ghwhuplqd0
wlrq ri wkh ohdvw fruh uhgxfhv wr wkh plqlpl}dwlrq ri D{  nf{  zlwk uhvshfw wr E{  > {   5 ? È
xqghu wkh frqvwudlqwv=
{    dqg .{   =
Zh ghgxfh wkdw wkh ohdvw fruh frqvlvwv ri wkh xqltxh yhfwru > ø  +zklfk lv wkh qxfohroxv,
dqg wkdw wkh kxugoh idfwru D n  Ùø lv dssur{lpdwho| htxdo wr S=e=
Li lqvwhdg oree| 3 dfwv wr eorfn d uhirup/ wkh sureohp ri ghwhuplqdwlrq ri wkh ohdvw fruh
uhgxfhv wr wkh plqlpl}dwlrq ri D{  nf{  zlwk uhvshfw wr E{  > {   5 ? È xqghu wkh frqvwudlqw=
D{  n e{   =
Qrz zh rewdlq wkdw wkh ohdvw fruh frqvlvwv ri wkh xqltxh yhfwru  ´ > f +zklfk lv wkh
qxfohroxv, dqg wkdw wkh gxdo kxugoh idfwru lv htxdo wr 1 Khuh/ rqo| wkh shupdqhqw phpehuv
ÂÐ Wklv uhvxow vkrxog eh frqwudvwhg zlwk wkh fodlpv irupxodwhg e| Glhuphlhu dqg P|huvrq +4<<<, lq wkhlu
irrwqrwh <1 Wkh| zulwh %1111Wkh yhwr0ryhuulgh surylvlrq lv qrw vljqlfdqw1 Wkh úû yhwr ryhuulgh rswlrq doorzv
wkdw oree| 4 fdq jhw d eloo sdvvhg e| sd|lqj 6Z ü lq wkh krxvh dqg 6Z ü lq wkh vhqdwh/ udwkhu wkdq sd|lqj
Z ü wr wkh suhvlghqw soxv 5Z ü lq wkh krxvh dqg 5Z ü wr wkh vhqdwh1 Vr wkh dowhuqdwlyh ohjlvodwlyh sdwk wkdw
lv doorzhg e| wkh úû yhwr ryhuulgh kdv d kxugoh idfwru ri 9/ zklfk lv kljkhu wkdq wkh kxugoh idfwru ri 8 wkdw
lv dydlodeoh zlwkrxw lw1 Wkxv rxu dqdo|vlv suhglfwv wkdw oree|lvwv iru fkdqjh vkrxog jhqhudoo| ljqruh wkh pruh
h{shqvlyh rswlrq ri ryhuulglqj d suhvlghqwldo yhwr/ dqg vkrxog oree| mxvw dv wkh| zrxog li wkh frqjuhvv zhuh
d sxuho| vhuldo elfdphudo ohjlvodwxuh zlwk d suhvlghqwldo yhwr111%1 Wklv suhglfwlrq glhuv vkduso| iurp rxuv
dv iru lqvwdqfh wkh| suhglfw wkdw wkh suhvlghqw zloo uhfhlyh 53( ri wkh %fdnh% zkloh zh suhglfw wkdw kh zloo
uhfhlyh rqo| :=:7( dqg wkdw wkh euleh rhuhg wr wkh suhvlghqw zloo eh 83 wlphv odujhu wkdq wkh euleh rhuhg
wr dq| vlqjoh vhqdwru zkloh zh suhglfw wkdw lw zloo eh 4: wlphv odujhu1
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uhfhlyh dq rhu dqg zlwk d kxugoh idfwru htxdo wr 4/ oree|lqj h{shqglwxuhv e| oree| 4 uhpdlq
prghudwh1 Zh frxog zrqghu zkdw zrxog eh wkh frqvhtxhqfhv ri olplwlqj vrphkrz wkh yhwr
srzhu ri wkh shupdqhqw phpehuv dqg2ru fkdqjlqj wkh ohyho ri wkh txdolhg pdmrulw| wr sdvv
d uhirup1 Iru lqvwdqfh/ vxssrvh wkdw sdvvdjh uhtxluhv wr wrwdo ri dw ohdvw < yrwhv/ vxemhfw wr
dssurydo ri dw ohdvw 6 shupdqhqw phpehuv1 Wkh frqvwudlqwv qrz ehfrphv=
{  n S{    dqg D{  n e{   =
Lq wkdw fdvh/ erwk shupdqhqw dqg qrqshupdqhqw phpehuv duh olnho| wr uhfhlyh rhuv dv
wkh ohdvw fruh frqvlvwv ri wkh frqyh{ kxoo ri wkh yhfwruv  Ü > f dqg  ý > ý  dqg wkh gxdo kxugoh
idfwru ´Ü lv dssur{lpdwho| htxdo wr =SS= Frqvlghu qdoo| wkh fdvh zkhuh sdvvdjh uhtxluhv
wr wrwdo ri dw ohdvw 43 yrwhv/ vxemhfw wr dssurydo ri dw ohdvw 6 shupdqhqw phpehuv1 Wkh
frqvwudlqwv qrz ehfrphv=
{  n .{   dqg D{  n D{   =
Lw lv vwudljkwiruzdug wr vkrz wkdw wkh ohdvw fruh frqvlvwv ri wkh xqltxh yhfwru   Ù >  Ù 
+zklfk lv wkh qxfohroxv, dqg wkdw wkh gxdo kxugoh idfwru lv htxdo wr =Df=
Iurp 4<87 wr 4<98/ wkh vlpsoh jdph EQ>Z ghvfulelqj wkh frxqflo kdg D shupdqhqw
phpehuv/ S qrqshupdqhqw phpehuv dqg wkh txdolhg pdmrulw| zdv htxdo wr .1 Surfhhglqj
dv deryh/ zh rewdlq wkdw wkh kxugoh idfwru  þ EE zdv htxdo wr S=f2 zkloh  þ EZ ' 1 Wkh
4<98 v|vwhp lv ohvv yxoqhudeoh wr oree|lqj wkdq wkh 4<87*v rqh1 Lw zrxog eh lqwhuhvwlqj wr xvh
wklv dssdudwxv wr hydoxdwh vrph ri wkh sursrvdov wr uhirup phpehuvkls dqg yrwlqj uxohv ri
wkh Xqlwhg Qdwlrqv Vhfxulw| Frxqflo1 Pdq| frxqwulhv fulwlfl}h wkh odfn ri uhsuhvhqwdwlyhqhvv
ri wkh fxuuhqw frxqflo1 Dprqj wkh sursrvdov/ zh fdq qg= Wkh J7 sursrvdo zklfk dvn wkh dgglwlrq ri 9 qhz shupdqhqw phpehuv zlwkrxw yhwr
srzhu dqg 7 qhz qrqshupdqhqw phpehuv1 Wkh Diulfdq sursrvdo zklfk lv vlplodu wr wkh J7 sursrvdo h{fhsw iru wkh idfw wkdw lw dvnv
wkdw wkh qhz shupdqhqw phpehuv dovr kdg d yhwr srzhu dqg 8 qhz shupdqhqw phpehuv
lqvwhdg ri 71 Wkh %Xqlwhg iru Frqvhqvxv% sursrvdo zklfk vlpso| dvnv iru wkh dgglwlrq ri 43 qhz
shupdqhqw phpehuv1
Wkhvh sursrvdov sursrvh wr lqfuhdvh wkh fxuuhqw vl}h ri 48 phpehuv wr 58 ru 59 phpehuv1
Lq rxu vhwwlqj ehlqj shupdqhqw ru qrqshupdqhqw duh htxlydohqw1 Qr vshflfdwlrq ri wkh
uhtxluhg txdolhg pdmrulw| lv surylghg exw jlyhq wkh klvwrulfdo dwwdfkphqw wr d vxshupdmrulw|
uhtxluhphqw ri Sf SI/ zh frxog h{shfw d txrwd htxdo wr 481 Wkh uvw/ vhfrqg dqg wklug
sursrvdov ohdg uhvshfwlyho| wr kxugoh idfwruv  EE htxdo wr S=H2> 2 dqg S=H21 D zd| wr
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frpsurplvh ehwzhhq wkh uvw dqg vhfrqg sursrvdo frxog frqvlvw lq rhulqj wr hdfk sdlu
+ru wulsoh, ri qhz shupdqhqw phpehuv d yhwr srzhu1 Wr frpsurplvh zlwk wkh wklug/ zh
frxog lqfuhdvh wkh txrwd iurp D wr H1 Lq jhqhudo/ d frxqflo frpsrvhg ri q  shupdqhqw
phpehuv zlwk uhjxodu yhwr yrwhu/ q  shupdqhqw phpehuv zlwk yhwr yrwhu rhuhg wr sdluv/
q
Ü
qrqshupdqhqw phpehuv dqg d txrwd htxdo wr t ohdgv wr d kxugoh idfwru htxdo wr=
q  n q 2 n
q
Ü
q  n q  n q
Ü
n  t =
H{dpsoh 46 +Glhuphlhu dqg P|huvrq*v Pxowlfdphudo V|vwhpv,1 Wkhvh duh wkh
vlpsoh jdphv frqvlghuhg e| Glhuphlhu dqg P|huvrq +4<<<,1 Wkhlu pdlq remhfwlyh lq wkh
sdshu lv wr ghwhuplqh wkh rswlpdo kxugoh idfwru ri rqh ri wkh fkdpehu +vd| wkh krxvh, jlyhq
wkh kxugoh idfwruv ri wkh rwkhu fkdpehuv zkhuh rswlpdo phdqv pd{lpl}lqj wkh h{shfwhg
djjuhjdwh dprxqw ri eulehv uhfhlyhg e| wkh phpehuv ri wkh krxvh1 Wkh ghwdlov zloo ghshqg
ri frxuvh xsrq wkh eholhiv frqfhuqlqj wkh elyduldwh udqgrp yduldeoh EZ Ù >Z  1 Lqvwhdg ri
wkh xqfhuwdlqw| iudphzrun frqvlghuhg lq rxu sdshu/ wkh| dvvxph wkdw wkh wzr yduldeohv duh
lqghshqghqw dqg lghqwlfdoo| glvwulexwhg udqgrp dqg wkh| rhu ghwdlohg fdofxodwlrqv lq wkh
fdvh zkhuh wkh pdujlqdov duh hlwkhu orjqrupdo ru xqlirup1 Ohw w eh wkh vxp ri wkh kxugoh
idfwruv ri wkh rwkhu fkdpehuv dqg v eh wkh kxugoh idfwru ri wkh krxvh dqg I Ev> w eh wkh
fruuhvsrqglqj h{shfwhg lqfrph1 Wkhlu fhqwudo uhvxow dvvhuwv wkdw wkh ehvw uhvsrqvh v þ Ew ri
wkh krxvh/ zklfk fdq eh lpsohphqwhg wkurxjk wkh fkrlfh ri dq dssursuldwh vlpsoh jdph
EQ>Z/ lqfuhdvhv dv wkh h{whuqdo kxugoh idfwru w lqfuhdvhv1 Dw wkdw vwdjh/ lw lv lpsruwdqw wr
uhplqg wkdw wkh| frqgxfw wkhlu dqdo|vlv xqghu wkh dvvxpswlrq wkdw wkhuh lv qr xqfhuwdlqw|
derxw zkrp zloo eh wkh oree| prylqj uvw1 Krzhyhu/ zh fdq frqfhlydeo| ghihqg wkh ylhz
wkdw lq vrph flufxpvwdqfhv/ wkh oree| zklfk zdqwv wkh vwdwxv txr wr eh suhvhuyhg lv dfwlqj
uvw1 Li wkdw lv wkh fdvh/ wkh uhohydqw vlpsoh jdph lv wkh gxdo jdph dqg wkh uhohydqw kxugoh
idfwru lv wkh gxdo kxugoh idfwru1 Li zh dvvxph wkh wzr vlwxdwlrqv wr rffxu zlwk suredelolwlhvÝ Û
s dqg  s/ wkhq lq wkh fdvh zkhuh wkhuh lv qr rwkhu fkdpehu +xqlfdphudo ohjlvodwxuh,/ wkh
h{shfwhg lqfrph lv qrz=
sI Ev> f n E sI Eev> f=
zkhuh ev '  þ EZ lv wkh gxdo kxugoh idfwru1 Zh kdyh vhhq/ wkurxjk wkh deryh h{dpsohv/
wkdw xqohvv wkh vlpsoh jdph lv frqvwdqw0vxp +lq zklfk fdvh ev ' v,/ wkh wzr idfwruv ehkdyh
txlwh glhuhqwo|1 D qhz wudgh0r dsshduv dv lqfuhdvlqj v kdv qrz wzr hhfwv= d gluhfw hhfw
dv ehiruh +wkurxjk d ghfuhdvh ri wkh suredelolw| ri wkh hyhqw ri dfwlyh oree|lqj, dqg dq
lqgluhfw hhfw wkurxjk d ghfuhdvh ri ev1 Wkh iroorzlqj wdeoh surylghv wkh ydoxh ri wkh rswlpdo
kxugoh idfwru iru glhuhqw ydoxhv ri wkh sdudphwhuv s dqg 1Â^à Glhuphlhu dqg P|huvrq dvvxph s @ 41
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Wdeoh 4= Rswlpdo Kxugoh Idfwru lq Orjqrupdo Prgho1

s 3=9 3=; 4=3 4=5 4=6 4=8 4=9 4=: 5=3 6=3
4 4=3 4=3 4=5747 4=;849 5=66<5 6=<;:5 8=6:98 :=7389 54=<7;: 6455=6<75
3=:8 4=3 4=87;9 4=9<48 4=<5<6 5=4;< 6=85;6 7=;858 9=;755 54=6586 6454=<444
3=8 5=3 5=3 5=3 5=3 5=3 5=3 4=7867 8=7434 53=34 6453=<779
Wkh uvw olqh ri wdeoh 4 lv ri frxuvh vlplodu wr wkh uvw olqh ri wdeoh 6 lq Glhuphlhu
dqg P|huvrq1 Dq lqwhuhvwlqj revhuydwlrq lv wkdw prylqj iurp s '  wr wkh pruh edodqfhg
dvvxpswlrq s '  ohdgv wr wkh rswlpdolw| ri wkh vwdqgdug pdmrulw| jdph iru d odujh udqjh
ri ydoxhv ri  +dssur{lpdwho| zkhq  lv ohvv wkdq =D.,1 Lqwhuhvwlqjo| hqrxjk/ lw lv odujhu
wkdq wkh Glhuphlhu0P|huvrq*v rswlpdo kxugoh idfwru iru vpdoo hqrxjk ydoxhv ri  dqg vpdoohu
wkhq1 Zkhq  jhwv odujhu wkdq =D./ wkh rswlpdo ìÞ kxugoh idfwru lqfuhdvhv exw vwd|v vpdoohu
wkdq Glhuphlhu0P|huvrq*v rqh1
Lq d wuxo| pxowlfdphudo ohjlvodwxuh dv ghqhg e| Glhuphlhu dqgP|huvrq +4<<<,/ wklqjv jhw
hyhq pruh wulfn|1 Dv ghqhg lq h{dpsoh :/ ohw EQ ÿ >Z ÿ    ÿ   eh d idplo| ri U k|shujudskv
zlwk Q ÿ _Q  ' B iru doo u> w ' > ===> U zlwk u 9' w1 Ohw EQ>Z eh vxfk wkdw Q ' ^ ÿ É  Q ÿ dqg
V 5 Z l V _Q ÿ 5 Z ÿ iru doo u ' > ====> U l1h1 d uhirup lv dssuryhg li lw lv dssuryhg lq doo
wkh glhuhqw U fkdpehuv dffruglqj wr wkh uxohv +srvvleo| glhuhqw, lq xvh lq wkh fkdpehuv1
Jlyhq wkh kxugoh idfwruv  þ EZ ÿ  ri hdfk fkdpehu u ' > ======> U/ ohw xv fdofxodwh  þ EZ1 Lw













w  ÿ   iru doo U wxsoh EV ÿ    ÿ   vxfk wkdw V ÿ 5 Z ÿ iru doo u ' > ===> U=
Ohw  5 ?  È eh vxfk wkdw S ÿ É   ÿ ' 1 Wkh ydoxh ri wkh deryh surjudp lv ohvv wkdq wkh












w  ÿ   ÿ iru doo U wxsoh EV ÿ    ÿ   vxfk wkdw V ÿ 5 Z ÿ iru doo u ' > ===> U=
Exw wklv qhz sureohp lv ghfrpsrvdeoh lqwrU glvmrlqw plqlpl}dwlrq surjudpv1 Zh ghgxfh
iurp wkdw dujxphqw wkdw=
 þ EZ  [ÿ É   ÿ  þ EZ ÿ  iru doo  5 ?
 È vxfk wkdw
[
ÿ É   ÿ ' =
Vlqfh wkh deryh lqhtxdolw| lv dq lqhtxdolw| iru dq| yhfwru  dwwdfkhg wr d vroxwlrq ri wkh
lqlwldo sureohp/ zh ghgxfh=




 ÿ  þ EZ ÿ  xqghu wkh frqvwudlqw [ÿ É   ÿ ' >
dqg wkhuhiruh=
 þ EZ ' Plq   ÿ    þ EZ ÿ  =
Wklv uhvxow kdv lpsruwdqw lpsolfdwlrqv rq wkh ghwhuplqdwlrq ri wkh rswlpdo gxdo kxugoh
idfwru e| wkh krxvh1 Lqghhg/ lq wkh fdvh zkhuh wkh uvw pryhu oree| lv wkh oree| zklfk zdqwv
wr eorfn wkh sdvvdjh ri wkh uhirup/ wkh dprxqw ri prqh| uhfhlyhg e| wkh krxvh zloo ghshqg
fulwlfdoo| xsrq krz odujh lv lwv gxdo kxugoh idfwru frpsduhg wr wkh gxdo kxugoh idfwruv ri wkh
rwkhu fkdpehuv1 Li lw lv odujhu wkdq wkh vpdoohvw rqh/ wkhq wkh krxvh zloo qrw eh dssurdfkhg e|
wkh oree| lq wkdw fdvh1 Wkh jdph ghvfulelqj wkh lqwhudfwlrq ehwzhhq wkh fkdpehuv glvsod|v
glvfrqwlqxrxv sd|r ixqfwlrqv1 Lq wkh fdvh ri wzr fkdpehuv dqg s '  / zh rewdlq wkdw wkh
sd|r ri fkdpehu 4 ì[ß lv htxdo wr=;A?
A=
 ¯ /¯ ³ /¯  ^³(³ n  ¯ /¯ !"³# /¯ !$.³f³ li  þ EZ   ?  þ EZ   > ¯   ¯ ³   ¯  ^³(³ n  ¯   ¯ !"³#   ¯ !$.³f³ê li  þ EZ   '  þ EZ   > ¯ /¯ ³# /¯  .³f³ li  þ EZ   A  þ EZ   >
li zh dvvxph wkdw wlhv duh eurnhq htxdoo|1 Ri frxuvh/ lq wkh deryh h{suhvvlrqv/ wkhuh lv
d rqh wr rqh uhodwlrqvkls ehwzhhq wkh wzr kxugoh idfwruv  þ EZ dqg  þ EE1 Li zh olplw wkh
lpsohphqwdwlrq wr v|pphwulf txrwd jdphv l1h1 V 5 Z l rV  t/ zh ghgxfh iurp h{dpsoh
8 wkdw  þ EZ ' % & dqg v  '  þ EE ' %%(' & È  1 Li q lv odujh/ zh ghgxfh wkdw=
t




 þ EE =
) Wkh sd|r ri fkdpehu 5 lv rewdlqhg vlploduo|1
6:
Lqwhuhvwlqjo| hqrxjk/ li erwk fkdpehuv zhuh dfwlqj xqghu wkh suhvxpswlrq wkdw wkh oree|
zklfk zloo pryh uvw lv wkh sur0vwdwxv txr oree|/ wkhq wkh jdph ehfrphv d Ehuwudqg jdph ì.ã
zkhuh ehkdylrudo uhvsrqvhv frqyhujh wr wkh Qdvk htxloleulxp E> 1 Lw zrxog eh lqwhuhvwlqj
wr nqrz zkdw zh rewdlq lq wkh jhqhudo fdvh1 Zkhq lw lv wdnhq iru judqwhg wkdw wkh sur0uhirup
oree| pryhv uvw/ Glhuphlhu dqg P|huvrq irxqg frqyhujhqfh wrzdugv wkh Qdvk htxloleulxp
E2=2f> 2=2f lq wkh fdvh ri d elfdphudo ohjlvodwxuh lpsohphqwhg e| d txrwd ri De=DI> qrwh wkdw
wkhq  þ EZ * =HD1
716 Ex|lqj Vxshupdmrulwlhv
Lq wkh wzr suhfhglqj vxevhfwlrqv/ zh kdyh ljqruhg wkh lpsdfw ri wkh yhfwru  rq wkh htxl0
oleulxp rxwfrphv ri wkh oree|lqj jdph e| dvvxplqj  ' f1 Wklv zdv grqh lq rughu wr irfxv
h{foxvlyho| rq wkh lpsolfdwlrqv ri wkh uxohv jryhuqlqj wkh ghflvlrq surfhvv zlwklq wkh ohjlv0
odwxuh dqg wkh %srzhu% ri wkh ohjlvodwruv uhvxowlqj iurp wkdw vlpsoh jdph1 Iroorzlqj wkdw
sdwk/ zh zhuh deoh wr fryhu d yhu| odujh fodvv ri vlpsoh jdphv ghvfulelqj pdq| dowhuqdwlyh
lqvwlwxwlrqdo ohjlvodwlyh vhwwlqjv dqg wr lvrodwh wkdw frpsrqhqw ri wkh sulfh ri d ohjlvodwru1
Lq wklv vxevhfwlrq dqg wkh iroorzlqj rqh/ zh uhlqwurgxfh wkh yhfwru exw zh irfxv rxu
dwwhqwlrq rq d yhu| vshfldo +zkloh lpsruwdqw, vlpsoh jdph= wkh fodvvlfdo pdmrulw| jdph1 Lq
wkdw uhvshfw/ wkh dqdo|vlv ri wklv vhfwlrq lv doljqhg zlwk wkh iudphzrun ri Edqnv +5333, dqg
Jurvhforvh dqg Vq|ghu +4<<9,+5333,1 Jlyhq wkh v|pphwu| ri wkh vlpsoh jdph wkh ohjlvodwruv
duh doo dolnh lq whupv ri wkhlu srzhu lq wkh ohjlvodwxuh1 Wklv phdqv wkdw li wzr ohjlvodwruv l dqg
m uhfhlyh glhuhqw rhuv iurp wkh oree|/ wkh udwlrqdoh iru wklv glhuhqwldo vkrxog eh edvhg
rq glhuhqfhv ehwzhhq   dqg * 1 Zh kdyh vhhq/ lq wkh suhylrxv vxevhfwlrqv/ wkdw vrph
ohjlvodwruv hqgrzhg zlwk d olplwhg srzhu zlwklq wkh ohjlvodwxuh zhuh/ vrphwlphv/ wrwdoo|
ljqruhg e| wkh oree|1 Khuh/ d ohjlvodwru l zlwk d odujh   zloo eh fkhds iru oree| 4 dqg
h{shqvlyh iru oree| 31 Ilqdoo|/ zh kdyh dovr revhuyhg wkdw prvw ri wkh wlph wkh oree| zdv
eulelqj d frdolwlrq vwulfwo| odujhu wkdq d plqlpdo zlqqlqj frdolwlrq1
Wkhvh frqvlghudwlrqv ohdg wr d qxpehu ri txhvwlrqv= Zkdw zloo eh wkh vl}h ri wkh frdolwlrq ri ohjlvodwruv uhfhlylqj rhuv iurp wkh oree|B
Vlqfh wkh   duh qrqqhjdwlyh qxpehuv/ lw fdq eh wkh fdvh wkdw oree| 4 eulehv d vxepdmrulw|
frdolwlrq +dw wkh h{wuhph/ qrerg| dw doo,/ d plqlpdo pdmrulw| ru d vxshupdmrulw| +dw wkh
h{wuhph hyhu|erg|, ghshqglqj xsrq wkh suroh 1 Zklfk ohjlvodwruv zloo eh sduw ri wkdw
frdolwlrqB= zkhq lv lw wkh fdvh wkdw wkh fkhdshvw vwudwhj| ri oree| 4 frqvlvwv lq eulelqj wkh
zkroh ohjlvodwxuhB
,+ Wkh jdph dulvlqj iurp wkh dvvxpswlrq frqvlghuhg e| Glhuphlhu dqg P|huvrq +4<<<, glvsod|v wkh ihdwxuhv
ri d Frxuqrw jdph1
6;
 Zklfk ohjlvodwruv zloo eh sduw ri wkh eulehg frdolwlrqB Vkdoo zh revhuyh d  rrghg frdol0
wlrq dv lq Edqnv +5333, ru d qrq rrghg frdolwlrq dv lq Jurvhforvh dqg Vq|ghu +4<<9,+5333,
zkhuh  rrghg uhihuv wr wkh idfw wkdw oree| 4 eulehv lq sulrulw| wkh ohjlvodwruv pruh zloolqj wr
vxssruw wkh uhirup1 Zkdw duh wkh glhuhqfhv ehwzhhq wkh rhuv uhfhlyhg e| wkh ohjlvodwruv zkr duh lq wkh
frdolwlrqB
Wkh iroorzlqj sursrvlwlrq dqvzhuv wkhvh wkuhh txhvwlrqv lq wkh fdvh zkhuh EQ>Z lv wkh
fodvvlfdo pdmrulw| jdph dqg q lv rgg ì Ú l1h1 q ' 2n   iru vrph lqwhjhu n  21
Sursrvlwlrq 81 Ohw w þ  ' Ew þ  > w þ  > ======> w þ%   eh dq rswlpdo rhu e| oree| 41 Wkhq/ wkhuhh{lvwv dq lqwhjhu p þ vxfk wkdw w þ  A f dqg w þ  n   {Z ' w þ*  n * {Z iru doo l> m ' > ====> p þ 1
Ixuwkhu/ hlwkhu -/.0 A  0 {Z dqg p þ lv ghwhuplqhg dv wkh xqltxh vpdoohvw lqwhjhu p vxfk
wkdw -/.0  {Z 1 li dq| dqg p þ ' q rwkhuzlvh1 Ru -2.0   0 {Z dqg p þ lv wkh vpdoohvw
ydoxh ri p  n   vxfk wkdw= Z Ù ? {Z kS 03 É 1 È   3 np 1 È 
l
1
Surri = Dvvxph zlwkrxw orvv ri jhqhudolw| wkdw       =======   % 1 Ohw w þ  '
Ew þ . > w þ  > ======> w þ%   eh dq rswlpdo vroxwlrq wr sureohp +4, dqg Q þ  il 5 Q G w þ  A fj1Fodlp 4 = w þ  n   {Z ' w þ*  n  * {Z iru doo l> m 5 Q þ 1
Dvvxph rq wkh frqwudu| wkdw w þ  n   {Z ? w þ*  n  * {Z iru vrph l> m 5 Q þ 1 Wkhq=[
3 




w 3  n  3{Z  ' Z Ù iru vrph eV  Q vxfk wkdw rV ' n dqg l 5 V>
wkhq/ zh zrxog rewdlq=
[
3  E 46587 :9  ; 7<* 9
w 3  n  3{Z  ? Z Ù
frqwudglfwlqj rxu dvvxpswlrq wkdw w þ  lv d vroxwlrq wr sureohp +4,1 Ohw w þþ ' Ew þþ  > w þ.þ  > ======> w þ.þ%  eh vxfk wkdw w þ.þ3  ' w þ3  iru doo o 9' l dqg w þ.þ  ' w þ.þ   % iru vrph % A f1 Li % lv vhohfwhg vpdoo
hqrxjk/ lw iroorzv iurp lqhtxdolwlhv +;, wkdw w þ.þ phhwv wkh frqvwudlqwv ri sureohp +4,1 Vlqfh
ixuwkhu S   w þ.þ  ? S   w þ  / zh frqwudglfw rxu dvvxpswlrq wkdw w þ  lv d vroxwlrq wr sureohp
+4,1
Fodlp 5 =   ?  * iru doo l 5 Q þ dqg m @5 Q þ 1
= Wkhuhiruh wklv jdph lv frqvwdqw0vxp1
6<
Dvvxph rq wkh frqwudu| wkdw     * iru vrph l 5 Q þ dqg m @5 Q þ 1 Wkhq dv lq fodlp 4=
[
3 




w 3  n  3{Z  ' Z Ù iru vrph eV  Q vxfk wkdw rV ' n dqg l 5 V>
wkhq/ zh zrxog rewdlq=
[
3  4657 :9
w 3  n  3{Z n  * {Z ? Z Ù
frqwudglfwlqj rxu dvvxpswlrq wkdw w þ  lv d vroxwlrq wr sureohp +4,1 Wkh frqfoxvlrq surfhhgv
dv lq fodlp 41
Iurp fodlpv 4 dqg 5/ zh ghgxfh wkdq dq rswlpdo vwudwhj| w þ  lv ghvfulehg e| dq lqwhjhu
p þ  rQ þ dqg d uhdo qxpehu w þ  w þ3  n  3{Z iru doo o 5 Q þ vxfk wkdw w þ ?  * {Z iru doo
m ' p þ n > ====> q dqg w þ   * {Z A f iru doo m ' > =======> p þ =
Frqvlghu uvw wkh fdvh zkhuh p þ  n1 Wkh prvw vhyhuh frqvwudlqw lv dwwdfkhg wr wkh
frdolwlrq V ' i> ===> nj dqg lw wdnhv wkh irup=
w þ n  Z Ù =
Vroylqj wklv iru htxdolw| jlyhv=
w þ ' Z Ùn








Vlqfh       =======   % / wkhuh lv d xqltxh ydoxh p þ ri p vxfk wkdw w þ ' -2.0 
{Z 1 > È  dqg w þ3  ' w þ   3{Z A f iru doo o ' > =======> p þ 1
Frqvlghu qrz wkh fdvh zkhuh p þ ? n1 Wkh prvw vhyhuh frqvwudlqw lv vwloo dwwdfkhg wr wkh
frdolwlrq V ' i> ===> nj dqg lw wdnhv qrz wkh irup=
w þ p þ n{Z
0[
3 É 1 > È 
 3  Z Ù =
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Vroylqj wklv iru htxdolw| ohdgv wr=
w þ ' Z Ù {Z S
0
3 É 1 > È  
3
p þ





Wklv vroxwlrq lv ydolg l=
w þ  {Z 1 > È  >
l1h1
Z Ù ? {Z
0[
3 É 1 > È 
 3 n{Zp þ  1 > È  =
Vlqfh wkh ixqfwlrq {Z S 03 É 1 È   3 n {Zp 1 È  lv lqfuhdvlqj lq p dqg wdnhv wkh ydoxhn{Z 0 zkhq pn  ' n/ zh duh ohiw zlwk wzr fdvhv1
Hlwkhu -/.0 A {Z 0 dqg p þ lv ghwhuplqhg dv wkh xqltxh vpdoohvw lqwhjhu p vxfk wkdw-/.0  {Z 1 li dq| dqg p þ ' q rwkhuzlvh1 Ru -2.0  {Z 0 1 Wkhq ohw p eh wkh vpdoohvw
ydoxh ri p  n   vxfk wkdw=
Z Ù ? {Z
% 0[
3 É 1 È 
 3 np 1 È 
&
=
Vlqfh -/.0   0 {Z / p lv zhoo ghqhg1 Rq wkh rwkhu kdqg/ vlqfh=
w þ  * {Z A f iru doo m ' > =======> p þ
zh pxvw kdyh=
Z Ù {Z S 03 É 1 > È   3p þ  {Z 1
> >
dqg wkhuhiruh p þ ' p 
Ohw xv h{dplqh lq wxuq/ krz sursrvlwlrq 8 dqvzhuv wkh wkuhh txhvwlrqv irupxodwhg dw wkh
ehjlqqlqj ri wkh vxevhfwlrq1 Qrwh uvw wkdw li=
Z Ù
n A {Z % l1h1
Z 




wkhq wkh oree| 4 fkhdshvw rhu zrxog frqvlvw lq eulelqj doo wkh ohjlvodwruv1 Wkh fru0
uhvsrqglqj frvw lv % -/.0  {Z S % 3 É   3 dqg oree| 4 zloo wkhuhiruh qg surwdeoh wr gr vr
l=
Z   qZ Ùn {Z %
[
3 É 
 3 l1h1 Z Z Ù 
  0 ' 0 nS    
 nS     >
l1h1 lqhtxdolw| +6, vlqfh  þ EE ' 2  0 1 Iru oree| 4 wr euleh dw ohdvw d pdmrulw| ri
ohjlvodwruv/ lw lv qhfhvvdu| dqg vx!flhqw wkdw=
Z Ù
n A {Z
0 l1h1 Z Z Ù ?  n

n 0 =
Lw zloo euleh d plqlpdo pdmrulw| li=
 n n 0 È   Z Z Ù ?  n n 0 =
Wkh fruuhvsrqglqj frvw lv Z Ù  {Z S 03 É   3 dqg oree| 4 zloo wkhuhiruh dozd|v qg suri0
lwdeoh wr gr vr1 Dw wkh rwkhu h{wuhph/ li=




wkhq/ oree| 4 grhv qrw rhu dq| euleh1
Wkh sursrvlwlrq dqvzhuv wkh wzr rwkhu txhvwlrqv1 Wkh ohjlvodwruv zlwk wkh orzhvw  duh
dssurdfkhg uvw1 Wkhvh duh wkh ohjlvodwruv zkr duh wkh pruh h{shqvlyh iurp wkh shuvshfwlyh
ri oree| 4 dqg vr/ hyhq li dq| ohjlvodwru kdv dq lqwulqvlf suhihuhqfh iru wkh uhirup/ wkhuh lv
d vhqvh lq zklfk zh fdq vd| wkdw oree| 4 eulehv d qrq rrghg frdolwlrq1 Ilqdoo|/ wkh rhuv
zklfk duh pdgh wr wzr glvwlqfw eulehg ohjlvodwruv/ vd| l dqg m frpshqvdwh h{dfwo| iru wkh
glhuhqfhv lq wkh sdudphwhuv   dqg  * = wkhlu jurvv ehqhwv wr yrwh iru wkh uhirup lqvwhdg
ri wkh vwdwxv txr duh xowlpdwho| lghqwlfdo1 Jurvhforvh dqg Vq|ghu +4<<9, dqg Edqnv +5333,
uhihu wr vxfk yhfwru ri rhuv dv d ohyhoolqj vfkhgxoh1
Zkloh wkh dvvxpswlrqv duh glhuhqw/ sursrvlwlrq 8 vkduhv vrph frpprq ihdwxuhv zlwk
Edqnv*v pdlq uhvxow ?,@ 1 Kh dvvxphv wkdw wkhuh lv d pdmrulw| ri ohjlvodwruv zkr kdyh dq lqwulq0
vlf suhihuhqfh iru wkh vwdwxv txr= zlwkrxw oree|lqj/ wkh uhirup lv uhmhfwhg e| wkh ohjlvodwxuh1
Zh dvvxph lqvwhdg wkdw wkh lqwulqvlf suhihuhqfhv ri wkh ohjlvodwruv duh xqdqlprxvo| rulhqwhg
wrzdugv wkh uhirup vlgh1 Xqghu klv dvvxpswlrq/ oree| 3 kdv d grxeoh dgydqwdjh/ wr eh vhfrqg
pryhu lq wkh jdph dqg wr kdyh d pdmrulw| ri sduwlvdqv/ zkloh/ lq rxu fdvh/ wkh vhfrqg dgydq0
wdjh lv hqwluho| holplqdwhg1 Erwk Edqnv dqg rxuv suryh wkh rswlpdolw| ri ohyhoolqj vfkhgxohv
A Wkh frpsdulvrq zlwk Jurvhforvh dqg Vq|ghu lv pruh gl!fxow dv prvw ri wkh dqdo|vlv lq wkhlu 4<<9*v
sdshu dvvxphv d frqwlqxxp ri yrwhuv1
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exw klv frdolwlrq lv qrq rrghg zkloh lw lv lq rxu fdvh1 Zh surylgh d frpsohwh fkdudfwhul}d0
wlrq ri wkh rswlpdo vl}h p þ zkloh Edqnv surylgh qhfhvvdu| dqg vx!flhqw frqglwlrqv iru wklv
frdolwlrq wr eh plqlpdo zlqqlqj rq rqh kdqg dqg xqlyhuvdolvwlf rq wkh rwkhu kdqg ?? 1
717 Surfhgxudo yhuvxv Frqvhtxhqwldo
Wkh uhvxowv ri wklv sdshu kdyh ehhq ghulyhg xqghu wkh dvvxpswlrq wkdw wkh ohjlvodwruv zhuh
surfhgxudo l1h1 wkhlu suhihuhqfhv duh ghqhg e| krz wkh| yrwh udwkhu wkdq e| wkh dowhuqdwlyh
wkdw suhydlov1 Lw lv qdwxudo zkhwkhu wkh exon ri wkh dqdo|vlv lv suhvhuyhg li zh dvvxph lqvwhdg
wkdw wkh ohjlvodwruv duh frqvhtxhqwldo l1h1 rqo| frqfhuqhg e| wkh rxwfrph ri wkh yrwh1 Xqghu
wklv qhz ehkdylrudo dvvxpswlrq/ lw lv lpsruwdqw iru dq| ohjlvodwru wr suhglfw dffxudwho| wkh
yrwlqj ehkdylru ri wkh rwkhuv lq rughu wr ghwhuplqh li klv yrwh lv slyrwdo ru qrw zkloh lq wkh
surfhgxudo fdvh/ lw frxog ghflgh rswlpdoo| xsrq klv frxuvh ri dfwlrq luuhvshfwlyh ri wkh dfwlrq
ri rwkhuv1 Vxusulvlqjo|/ zh zloo vhh wkdw wkh uhvxowv ghulyhg lq wkh frqvhtxhqwldo iudphzrun
duh txlwh forvhg wr wkrvh rewdlqhg lq wkh surfhgxudo iudphzrun1 Zh zloo vkrz krz wr dgmxvw
sursrvlwlrq 4 wr dffrpprgdwh wklv qhz vhwwlqj iru dq duelwudu| suroh  ?B 1
Ohw EQ>Z eh dq duelwudu| vlpsoh jdph1 D frdolwlrq V  Q zloo eh fdoohg plqlpdo
eorfnlqj n li wkhuh h{lvwv W 5 E 1 dqg l @5 W vxfk wkdw V ' W ^ ilj1 Ohw xv ghqrwh e| E 1 Èwkh idplo| ri plqlpdo eorfnlqj . frdolwlrqv1 Wr suhsduh iru sursrvlwlrq 9/ ohw xv h{dplqh
lqwxlwlyho| wkh uhdfwlrq ri wkh glhuhqw ohjlvodwruv zkhq wkh sdlu ri yhfwruv ri vwdqglqj rhuv
lv Ew Ù > w  1 Li w Ù  ' f/ wkhq ohjlvodwru l gr qrw kdyh wr irup h{shfwdwlrqv derxw wkh ehkdylru ri
rwkhuv dv kh zloo yrwh iru wkh uhirup1 Li lqvwhdg/ w Ù  A f wkhq ohjlvodwru pxvw zrqghu li kh lv
slyrwdo ru qrw1 Li kh ihhov olnh ehlqj slyrwdo/ kh zloo yrwh iru wkh uhirup l w   n   {Z  w Ù 
zkloh li kh ihhov qrw wr eh slyrwdo/ kh zloo yrwh iru wkh uhirup l w    w Ù  1 Iru dq| vxfk
ohjlvodwru/ wkh txhvwlrq lv wkhuhiruh wr ghwhuplqh zkhwkhu kh zloo eh slyrwdo ru qrw1 Kh zloo
eh slyrwdo li kh dqwlflsdwhv wkdw wkh frdolwlrq ri ohjlvodwruv zkr kdyh uhfhlyhg dq rhu iurp
oree| 3 dqg vxfk wkdw w   n   {Z ? w Ù  lv lq E 1 1 Li wkh frdolwlrq zkr kdv uhfhlyhg dq rhuiurp oree| 3 lv d frdolwlrq V odujhu wkdq W 5 E 1 / wkhq qrw hyhu|erg| lq wklv frdolwlrq fdqeh slyrwdo1 Zh fdq krzhyhu frqvlghu d suroh ri yrwhv zlwklq V zkhuh d vxevhw W 5 E 1 yrwhiru wkh vwdwxv txr zkloh wkh rwkhuv lq VqW yrwh iru wkh uhirup exw wklv zrxog qrw eh d Qdvk
htxloleulxp dv wkh ehvw uhvsrqvh iru wkrvh lq VqW lv dovr wr yrwh iru wkh vwdwxv txr1 Vlqfh
wkh| doo yrwh iru wkh vwdwxv txr/ dqg V lv qrw plqlpdo/ qrqh ri wkhvh ohjlvodwruv lv slyrwdo dqg
wkh| doo yrwh iru wkh vwdwxv txr1 Iurp wkh shuvshfwlyh ri oree| 3/ wkh fkhdshvw frdolwlrq ri
, Xqghu klv dvvxpswlrqv/ oree| 4 fdqqrw frqvlghu d vxepdmrulw| frdolwlrq1 Ixuwkhu/ lq klv iudphzrun/ d
ixoo fkdudfwhul}dwlrq ri p C orrnv gl!fxow1,D Ri frxuvh/ li  @ 3/ wkh wzr vhwwlqjv frlqflgh1
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wkdw vruw lv d frdolwlrq lq E 1 È = Wklv uhdvrqlqj ohdgv wr wkh iroorzlqj wzr uhohydqw vwudwhjlfrswlrqv iru oree| 31 Hlwkhu/ oree| 3 eulehv h{foxvlyho| wkh phpehuv ri d plqlpdo eorfnlqj frdolwlrq V dqg
rhuv wr dq| ohjlvodwru l lq V d euleh w Ù  vxfk wkdw w   n   {Z ? w Ù  1 Ru/ oree| 3 eulehv h{foxvlyho| wkh phpehuv ri d plqlpdo eorfnlqj n frdolwlrq V dqg
rhuv wr dq| ohjlvodwru l lq V d euleh w Ù  vxfk wkdw w   ? w Ù  1
Dq| rwkhu uhvsrqvh wr wkh rhu ri oree| 4 lv grplqdwhg1 Wkh wudgh0r lv suhww| wudqv0
sduhqw= d plqlpdo eorfnlqj frdolwlrq frqwdlqv ohvv ohjlvodwruv wkdq d plqlpdo eorfnlqj .
frdolwlrq exw wkh| frvw pruh lqglylgxdoo|1 Zlwk plqlpdo eorfnlqj . frdolwlrqv/ hyhu|wklqj
lv dv li zh zhuh lq wkh vlwxdwlrq zkhuh  ' f1
Wkh vxejdph0shuihfw htxloleulxp ri wklv vhtxhqwldo yhuvlrq ri wkh oree|lqj jdph fdq eh
hdvlo| ghvfulehg1 Ohw w  ' Ew . > w   > ======> w %   5 ? % È eh oree| 4*v rhuv1 Oree| 3 zloo qgsurwdeoh wr pdnh d frxqwhu rhu li hlwkhu wkhuh h{lvwv d plqlpdo eorfnlqj frdolwlrq V vxfk
wkdw= [
 
w   n   Z   ? [  
 Z Ù nZ Ù
ru d plqlpdo eorfnlqj . frdolwlrq V vxfk wkdw=
[
 
w   ? Z Ù =
Lqghhg/ lq erwk fdvhv/ wkhuh h{lvwv d yhfwru w Ù ' Ew  Ù > w  Ù > ======> w % Ù  ri rhuv vxfk wkdw=
hlwkhu w   n   Z  ? w  Ù n   Z Ù ru w   ? w  Ù iru doo l 5 V dqg [  w  Ù ? Z Ù =
Wkhuhiruh / li oree| 4 zdqwv wr pdnh dq rhu wkdw fdqqrw eh fdqfhoohg e| oree| 3/ lw pxvw
vdwlvi| wkh olvw ri lqhtxdolwlhv=
[
 
w   n   {Z  ? Z Ù iru doo V 5 E 1
dqg [
 
w   ? Z Ù iru doo V 5 E 1 È =
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vxemhfw wr wkh frqvwudlqwv[
 
w   n   {Z   Z Ù iru doo V 5 E 1
dqg w[  w    Z Ù iru doo V 5 E 1 È =
Oree| 4 zloo qg surwdeoh wr rhu wkh rswlpdo vroxwlrq w þ  ri sureohp +4, li wkh rswlpdo
ydoxh wr wklv olqhdu surjudp lv ohvv wkdq Z  = Lw lv wkhq lpsruwdqw wr eh deoh wr frpsxwh wklv
rswlpdo ydoxh1
Wkh iroorzlqj sursrvlwlrq/ zklfk lv wkh frqvhtxhqwldo frxqwhusduw ri sursrvlwlrq 4 gh0
vfulehv wkh htxloleulxp rxwfrph ri wkh oree|lqj jdph KL 1
Sursrvlwlrq 91 Hlwkhu +l, Z   S M  N EV Z Ù S     {Z nS M  N J EVZ Ù iru
doo yhfwruv ri vxeedodqflqj frh!flhqwv  dwwdfkhg wr E 1 ^ E 1 È dqg wkhq oree| 4 rhuv dqrswlpdo vroxwlrq w þ  wr sureohp +4, dqg oree| 3 rhuv qrwklqj dqg vr wkh eloo lv sdvvhg1 Ru +ll,
Z  ? S M  EV Z Ù S     {Z  iru dw ohdvw rqh yhfwru ri vxeedodqflqj frh!flhqwv 
dwwdfkhg wr E 1 ^E 1 È dqg wkhq erwk oree|lvwv surplvh qrwklqj dqg vr wkh eloo lv qrw sdvvhg1Dv lq wkh ehkdylrudo fdvh/ wkh ghwhuplqdwlrq ri wkh htxloleulxp rxwfrph kdv ehhq uh0
gxfhg wr wkh h{dplqdwlrq ri wkh ydoxh ri d olqhdu surjudp zklfk lv voljkwo| pruh lqwulfdwh
wkdq wkh surjudp rewdlqhg xqghu ehkdylrudo prgho S1 Erwk lqwxlwlrq dqg wkh fdofxodwlrqv
deryh vxjjhvw wkdw wkh qrupdol}hg ydoxh y þO E>Z ri wklv surjudp olhv vrphzkhuh ehwzhhq
P/¯ `³ ÈRQ"S FHTVU S È Q S FHTVU S dqg  þ EE1 Dv ehiruh/ wkh frpsdulvrq ri - E-2W dqg y þO ohdgv wr wkh ghwhuplqdwlrq
ri wkh rswlpdo vwudwhj| ri oree| 41 Vlqfh wklv qhz surjudp kdv pruh frqvwudlqwv/ zh ghgxfh
wkdw y þO E>Z lv dw ohdvw htxdo wr wkh ylfwru| wkuhvkrog ghulyhg lq wkh surfhgxudo fdvh1 Wkh
h{dfw fdofxodwlrq ri wklv sdudphwhu zloo eh wkh vxemhfw ri ixuwkhu uhvhdufk1
Uhihuhqfhv
^4` Dkdurql/ U1 53341 %U|vhu*v Frqmhfwxuh iru Wulsduwlwh 60Judskv%/ Frpelqdwrulfd/ 54/ 4071
^5` Dkdurql/ U1/ Hugùv/ S1 dqg Q1 Olqldo1 4<;81 %Gxdo Lqwhjhu Olqhdu Surjudppv dqg wkh
Uhodwlrqvklsv ehwzhhq wkhlu Rswlpd% lq Surfhhglqjv ri wkh DFP 4:wk V|psrvlxp rq
wkh Wkhru| ri Frpsxwlqj/ 7:907;61
X,Y Zh gr qrw lqvhuw wkh surri zklfk lv edvhg rq wkh gxdolw| wkhruhp ri olqhdu surjudpplqj dqg dqdorjrxv
wr wkh surri ri sursrvlwlrq 41
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^6` Dkdurql/ U1 dqg S1 Kd{hoo1 53331 %Kdoo*v Wkhruhp iru K|shujudskv%/ Mrxuqdo ri Judsk
Wkhru|/ 5/ ;60;;1
^7` Dorq/ Q1 53351 %Fryhulqj d K|shujudsk ri Vxejudskv%/ Glvfuhwh Pdwkhpdwlfv/ 58:/
57<05871
^8` Edolqvnl/ P1 4<:51 %Hvwdeolvklqj wkh Pdwfklqj Sro|wrsh%/ Mrxuqdo ri Frpelqdwruldo
Wkhru|/ Vhulhv E/ 46/ 40461
^9` Edqnv/ M1V1 53331 Ex|lqj Vxshupdmrulwlhv lq Ilqlwh Ohjlvodwxuhv/ Dphulfdq Srolwlfdo
Vflhqfh Uhylhz/ <7/ 9::09;41
^:` Edq}kdi/ M1I1 LLL1 4<981 %Zhljkwhg Yrwlqj Grhvq*w Zrun= D Pdwkhpdwlfdo Dqdo|vlv%/
Uxwjhuv Odz Uhylhz/ 4</ 64:06761
^;` Edq}kdi/ M1I1 LLL1 4<9;1 %Rqh Pdq 61645 Yrwhv= D Pdwkhpdwlfdo Dqdo|vlv ri wkh Hohf0
wrudo Froohjh%/ Yloodqryd Odz Uhylhz/ 46/ 63706651
^<` Ehujh/ F1 4<;<1 K|shujudskv/ Dpvwhugdp= Qruwk0Kroodqg1
^43` Erqgduhyd/ R1Q1 4<96 %Fhuwdlq Dssolfdwlrqv ri wkh Phwkrgv ri Olqhdu surjudpplqj wr
wkh Wkhru| ri FFrshudwlyh jdphv%/ Sureohpl Nlehuqhw/ 43/ 44<046<1
^44` Erurv/ H1/ Fdur/ \1 I uhgl/ ]1 dqg U1 \xvwhu1 53341 %Fryhulqj Qrq0Xqlirup K|shu0
judskv%/ Mrxuqdo ri Frpelqdwruldo Wkhru|/ Vhulhv E/ ;5/ 5:305;71
^45` Fkxqj/ I1U1N1/ I uhgl/ ]1/ Jduh|/ P1U1 dqg U1O1 Judkdp1 +4<;;, %Rq wkh Iudfwlrqdo
Fryhulqj Qxpehu ri K|shujudskv%/ Vldp Mrxuqdo ri Glvfuhwh Pdwkhpdwlfv/ 4/ 7807<1
^46` Ghnho/ H1/ Mdfnvrq/ P1 dqg D1 Zrolqvn| +5339d,1 %Yrwh Ex|lqj L= Jhqhudo Hohfwlrqv%/
xqsxeolvkhg pdqxvfulsw/ Fdowhfk1
^47` Ghnho/ H1/ Mdfnvrq/ P1 dqg D1 Zrolqvn| +5339e,1 %Yrwh Ex|lqj LL= Ohjlvodwxuhv dqg
Oree|lqj%/ xqsxeolvkhg pdqxvfulsw/ Fdowhfk1
^48` Glhuphlhu/ G1 dqg U1E1 P|huvrq1 4<<<1 Elfdphudolvp dqg lwv Frqvhtxhqfhv iru wkh
Lqwhuqdo Rujdql}dwlrq ri Ohjlvodwxuhv1 Dphulfdq Hfrqrplf Uhylhz/ ;</ 44;5044<91
^49` Hlq|/ H1 4<;81 %Wkh Ghvludelolw| Uhodwlrq ri Vlpsoh Jdphv%/ Pdwkhpdwlfdo Vrfldo Vfl0
hqfhv/ 43/ 488049;1
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^4:` Hugùv/ S1 dqg O1 Orydv}1 4<:81 %Sureohpv dqg uhvxowv rq 60Fkurpdwlf K|shujudskv dqg
Vrph uhodwhg uhvxowv%/ lq Lqqlwh dqg Ilqlwh Vhwv/ D1 Kdmqdo/ Y1W1 Vrrv dqg O1 Orydv}
+Hgv,/ Dpvwhugdp/ Qruwk0Kroodqg1
^4;` Iudqno/ S1 dqg ]1 I uhgl1 5<;91 %Ilqlwh Surmhfwlyh Vsdfhv dqg Lqwhuvhfwlqj K|shujudskv%/
Frpelqdwrulfd/ 9/ 66806871
^4<` I uhgl/ ]1 %Pd{lpxp Ghjuhh dqg Iudfwlrqdo Pdwfklqjv lq Xqlirup K|shujudskv%/
Frpelqdwrulfd/ 4/ 4<;4/ 48804951
^53` I uhgl/ ]1 % Pdwfklqjv dqg Fryhuv lq K|shujudskv%/ Judskv dqg Frpelqdwrulfv/ 4/
4<;;/ 44805391
^54` Jurvhforvh/ W1 dqg M1P1 Vq|ghu1 4<<91 Ex|lqj Vxshupdmrulwlhv/ Dphulfdq Srolwlfdo
Vflhqfh Uhylhz/ <3/ 63606481
^55` Jurvv/ R1 dqg U1 Zdjqhu1 4<831 D frqwlqxrxv Frorqho Eorwwr jdph UP073;/ Udqg
Frusrudwlrq/ Vdqwd Prqlfd/ plphr1
^56` Jurvvpdq/ J1 dqg H1 Khospdq1 53341 Vshfldo Lqwhuhvw Srolwlfv1 Orqgrq= PLW Suhvv1
^57` Kro}pdq/ U1/ Pdufxv/ \1 dqg G1 Shohj1 4<<:1 %Ordg Edodqflqj lq Txruxp V|vwhpv%/
Vldp Mrxuqdo ri Glvfuhwh Pdwkhpdwlfv/ 43/ 55605781
^58` Lg}ln/ D1/ Ndwrqd/ J1R1K1 dqg U1 Yrkud1 53341 %Lqwhuvhfwlqj Edodqfhg Idplolhv ri Vhwv%/
Mrxuqdo ri Frpelqdwruldo Wkhru|/ Vhulhv D/ <6/ 5;405<41
^59` Lvehoo/ M1U1 4<891 %D Fodvv ri Pdmrulw| Jdphv%/ Txduwhuo| Mrxuqdo ri Pdwkhpdwlfv/ :/
4;604;:1
^5:` Lvehoo/ M1U1 4<8<1 %Rq wkh Hqxphudwlrq ri Pdmrulw| Jdphv%/ Pdwkhpdwlfdo Wdeohv dqg
Rwkhu Dlgv wr Frpsxwdwlrq/ 46/ 5405;1
^5;` Lvehoo/ M1U1 4<9<1 %D Frxqwhuh{dpsoh lq Zhljkwhg Pdmrulw| Jdphv%/ Surfhhglqjv ri wkh
Dphulfdq Pdwkhpdwlfdo Vrflhw|/ 53/ 8<308<51
^5<` Ndqqdl/ \1 4<<51 %Wkh Fruh dqg Edodqfhgqhvv% lq Kdqgerrn ri Jdph Wkhru|/ Yro 4>
U1M1 Dxpdq dqg V1 Kduw +Hgv,/ Dpvwhugdp Qruwk0Kroodqg1
^63` Nrkoehuj/ H1 4<:41 %Rq wkh Qxfohroxv ri d Fkdudfwhulvwlf Ixqfwlrq Jdph%/ Vldp Mrxuqdo
ri Dssolhg Pdwkhpdwlfv/ 53/ 950991
7:
^64` Odslgrw/ H1 4<:51 %Wkh Frxqwlqj Yhfwru ri d Vlpsoh Jdph%/ Surfhhglqjv ri wkh Dphulfdq
Pdwkhpdwlfdo Vrflhw|/ 64/ 55;05641
^65` Oh Euhwrq/ P1 4<;<1 %D Qrwh rq Edodqfhgqhvv dqg Qrqhpswlqhvv ri wkh Fruh lq Yrwlqj
Jdphv%/ Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru|/ 4;/ 444044:1
^66` Oh Euhwrq/ P1 dqg Y1 ]dsrur}khwv1 533:1 %Ohjlvodwlyh Oree|lqj xqghu Srolwlfdo Xqfhu0
wdlqw|%/ FHV Glvfxvvlrq Sdshu 3:1431
^67` Orydv}/ O1 4<:71 %Rq Plqlpd{ Wkhruhpv iru K|shujudskv% lq K|shujudsk Vhplqdu1
Ohfwxuh Qrwhv lq Pdwkhpdwlfv/ 7441 4440459/ Ehuolq/ Vsulqjhu Yhuodj1
^68` Orydv}/ O1 4<:8d1 %Rq wkh Udwlr ri Rswlpdo Lqwhjudo dqg Iudfwlrqdo Fryhuv%/ 46/ Glvfuhwh
Pdwkhpdwlfv/ 6;606<31
^69` Orydv}/ O1 4<:8e1 %50Pdwfklqjv dqg 50Fryhuv ri K|shujudskv%/ Dfwd Pdwkhpdwlfd Kxq0
jdulfd/ 59/ 76607771
^6:` Orydv}/ O1 4<:<1 Frpelqdwruldo Sureohpv dqg H{huflvhv/ Dpvwhugdp/ Qruwk0Kroodqg1
^6;` Oxfdv/ Z1I1 4<991 %q0Shuvrq Jdphv zlwk rqo| 4/ q04 dqg q0Shuvrq Frdolwlrqv%/
]hlwvfkuliw ixu Zdkuvfkhlqolfknhlwvwkhrulh xq Yhugdqgwh Jhelhwh/ 9/ 5;:05<51
^6<` Pdvfkohu/ P1 4<961 %q0Shuvrq Jdphv zlwk rqo| 4/ q04 dqg q0Shuvrq Shuplvvleoh Frdol0
wlrqv%/ Mrxuqdo ri Pdwkhpdwlfdo Dqdo|vlv dqg Dssolfdwlrqv/ 9/ 56305891
^73` Pdvfkohu/ P1 dqg E1 Shohj1 4<991 %D Fkdudfwhul}dwlrq/ H{lvwhqfh Surri dqg Glphqvlrq
Erxqgv iru wkh Nhuqho ri d Jdph%/ sdflf Mrxuqdo ri Pdwkhpdwlfv/ 4;/ 5;<065;1
^74` Pdvfkohu/ P1/ Shohj/ E1 dqg O1V1 Vkdsoh|1 4<:<1 %Jhrphwulf Surshuwlhv ri wkh Nhuqho/
Qxfohroxv dqg Uhodwhg Vroxwlrq Frqfhswv%/ Pdwkhpdwlfv ri Rshudwlrqv Uhvhdufk/ 7/
636066;1
^75` Phjjlgr/ Q1 4<:71 %Qxfohroxvhv ri Frpsrxqg Vlpsoh Jdphv%/ VLDP Mrxuqdo ri Dssolhg
Pdwkhpdwlfv/ 59/ 93:09541
^76` Prqwhur/ P1 53391 %Qrqfrrshudwlyh Irxqgdwlrqv ri wkh Qxfohroxv lq Pdmrulw| Jdphv%/
Jdphv dqg Hfrqrplf Ehkdylru/ 87/ 6;306<:1
^77` Qdndpxud/ N1 4<:<1 %Wkh Yhwrhuv lq d Vlpsoh Jdph zlwk Ruglqdo Suhihuhqfhv%/ Lqwhu0
qdwlrqdo Mrxuqdo ri Jdph Wkhru|/ ;/ 880941
7;
^78` Rvwpdqq/ D1 4<;:1 %Rq wkh Plqlpdo Uhsuhvhqwdwlrq ri Krprjhqhrxv Jdphv%/ Lqwhu0
qdwlrqdo Mrxuqdo ri Jdph Wkhru|/ 49/ 9<0;41
^79` Rzhq/ J1 4<9;1 %q0Shuvrq Jdphv zlwk rqo| 4/ q04 dqg q0Shuvrq Frdolwlrqv%/ Surfhhglqjv
ri wkh Dphulfdq Pdwkhpdwlfdo Vrflhw|/ 4</ 458;045941
^7:` Rzhq/ J1 53341 Jdph Wkhru|/ Wklug Hglwlrq/ Qhz \run/ Dfdghplf Suhvv1
^7;` Shohj/ E1 4<981 %Dq Lqgxfwlyh Phwkrg iru Frqvwuxfwlqj Plqlpdo Edodqfhg Froohfwlrqv
ri Ilqlwh Vhwv%/ Qdydo Uhvhdufk Orjlvwlfv Txduwhuo|/ 45/ 48804951
^7<` Shohj/ E1 4<9;1 %Rq Zhljkwv ri Frqvwdqw0Vxp Pdmrulw| Jdphv%/ VLDP Mrxuqdo ri
Dssolhg Pdwkhpdwlfv/ 49/ 85:08651
^83` Shohj/ E1 dqg M1 Urvhqp oohu1 4<<51 %Wkh Ohdvw0Fruh/ Qxfohroxv dqg Nhuqho ri Krpr0
jhqhrxv Zhljkwhg Jdphv%/ Jdphv dqg Hfrqrplf Ehkdylru/ 7/ 8;;09381
^84` Urvhqp oohu/ M1 4<;:1 %Krprjhqhrxv Jdphv= uhfxuvlyh Vuxfwxuh dqg Frpsxwdwlrq%/
Pdwkhpdwlfv ri Rshudwlrqv Uhvhdufk/ 45/ 63<06631
^85` Urvhqp oohu/ M1 dqg S1 Vxgkùowhu1 4<<71 %Wkh Qxfohroxv ri Krprjhqhrxv jdphv zlwk
Vwhsv%/ Glvfuhwh Dssolhg Pdwkhpdwlfv/ 83/ 860:91
^86` Vkdsoh|/ O1V1 4<951 %Vlpsoh Jdphv= Dq Rxwolqh ri wkh Ghvfulswlyh Wkhru|%/ Ehkdylrudo
Vflhqfhv/ :/ 8<0991
^87` Vkdsoh|/ O1V1 4<9:1 %Rq Edodqfhg Vhwv dqg Fruhv%/ Qdydo Uhvhdufk Orjlvwlfv Txduwhuo|/
47/ 78607931
^88` Vkdsoh|/ O1V1 dqg P1 Vkxeln1 4<871 %D Phwkrg iru Hydoxdwlqj wkh Glvwulexwlrq ri Srzhu
lq d Frpplwwhh V|vwhp%/ Dphulfdq Srolwlfdo Vflhqfh Uhylhz/ 7;/ :;:0:<51
^89` Vq|ghu/ M1P1/ P1P1 Wlqj/ dqg V1 Dqvrodehkhuh1 5338 %Ohjlvodwlyh Edujdlqlqj xqghu
Zhljkwhg Yrwlqj%/ Dphulfdq Hfrqrplf Uhylhz / <8/ <;4043371
^8:` Vxgkùowhu/ S1 4<<91 %Wkh Prglhg Qxfohroxv dv Fdqrqlfdo Uhsuhvhqwdwlrq ri Zhljkwhg
Pdmrulw| Jdphv%/ Pdwkhpdwlfv ri Rshudwlrqv Uhvhdufk/ 54/ :670:891
^8;` Wd|oru/ D1G1 dqg Z1V1 ]zlfnhu1 4<<<1 Vlpsoh Jdphv/ Sulqfhwrq= Sulqfhwrq Xqlyhuvlw|
Suhvv1
7<
^8<` Yrq Qhxpdqq/ M1 dqg R1 Prujhqvwhuq1 4<771 Wkhru| ri Jdphv dqg Hfrqrplf Ehkdylru/
Sulqfhwrq= Sulqfhwrq Xqlyhuvlw| Suhvv1
^93` \rxqj/ K1S1 +4<:;d,1 %D Wdfwlfdo oree|lqj Jdph% lqJdph Wkhru| dqg Srolwlfdo Vflhqfh/
Rughvkrrn/ S1F1 +Hg,/ Qhz \run Xqlyhuvlw| Suhvv/ Qhz \run1
^94` \rxqj/ K1S1 +4<:;e,1 %Wkh Doorfdwlrq ri Ixqgv lq Oree|lqj dqg Fdpsdljqlqj%/ Ehkdy0
lrudo Vflhqfh/ 56/ 540641
^95` \rxqj/ K1S1 +4<:;f,1 %Srzhu/ Sulfhv/ dqg Lqfrphv lq Yrwlqj V|vwhpv%/ Pdwkhpdwlfdo
Surjudpplqj/ 47/ 45<047;1
^96` \rxqj/ K1S1 dqgP1 Vkxeln +4<:;,1 %Wkh Qxfohroxv dv d Qrqfrrshudwlyh Jdph Vroxwlrq%
lq Jdph Wkhru| dqg Srolwlfdo Vflhqfh/ Rughvkrrn/ S1F1 +Hg,/ Qhz \run Xqlyhuvlw|
Suhvv/ Qhz \run1
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